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YCAOBUS CYIIECTBOBAHISI CEAA0BOU TOUKN B OAHOM
VTPOBOM 3AAAYE OITMCEIBAEMAS MTHTEI'PA AbHBIMI
YPABHEHVSIMMU TUITA BOABTEPPA

A.A. ABAVAAAEB ", K.B. MAHCMOB *
baxuncknit 'ocyjapcTseHHbI YHUBEpCUTET
Mucturyt Cucrem Ynpasaenus HAH AsepOaiiakana
agshinabiloglu@gmail.com, kamilbmansimov@gmail.com
PE3IOME

PaccmarpuBaeTcs oaHa Urposas 3ajada OIIChIBaeMasl CICTeMON HeAMHEeNHbIX MHTerpaAbHBIX YpaBHe-
Humit Tuna Boasteppa. Iloayyeno neodxoammoe ycAOBUs CyIIIeCTBOBAHMA CeAJA0BON TOUKM B (popMe IpUHITUIIA
macumyma /1.CIToHTpsArnHa B paccMaTpuBaeMoil 3agaue. B caydae BbIIyKaocTy 004acTy yIpaBAeHUs 40Ka3aHO
AVHEpU30BaHHOEe HeoOXOAMMOe YCAOBMe CyIIeCTBOBaHM:A CeAA0BOM Touku. ITpu mpearnoaoskeHNu OTKPBITOCTH
004acTu yrpapAeHus II0Ay4eHbl aHaA0T ypaBHeHMs Dilepa.

Karouesble caoBa: urposas 3ajada, 4OIyCTUMOe yIIpaBAeHIe, ceaA0Bas TOUYKa, He0OX0AMMOe yCAOBHe,
MHTerpaAbHOe ypaBHeHMe Tuiia BoasTeppa, AnHeapu3oBaHHOe HEOOXOAUMOE YCAOBIE OITIMAaABHOCTIA.
THE NECESSARY CONDITIONS FOR THE EXISTENCE OF A SADDLE POINT IN ONE GAME PROBLEM
DESCRIBED BY VOLTERRA EQUATIONS

ABSTRACT

We consider a game problem described by a nonlinear Volterra-type integral equations system. The necessary
condition for the existence of a saddle point in the form of L. S. Pontryagin's principle of maximum in the problem
under consideration is obtained. In the case of convexity of the control domain, a linearized necessary condition for the
existence of a saddle point is proved. Under the assumption of openness of the control domain, an analog of the Euler
equation is obtained.

Keywords: game problem, admissible control, saddle point, necessary condition, Volterra-type integral equation,
linearized necessary condition.

VOLTERRA TIPLI INTEQRAL TONLIKLORLO TOSVIR OLUNAN BIR OYUN MOSOLOSINDO
YOHORVARI NOQTONIN VARLIGI UCUN ZORURI SORTLOR

XULASO

Volterra tipli geyri-xatti inteqral tenliklar sistemi ilo tesvir olunan bir oyun masslasine baxilir. Baxilan
masalada ysharvari noqtenin varligr iigiin L.S.Pontryaginin maksimum prinsipi menada zeruri sertlar isbat
edilmisdir. Idare oblasti qabariq oldugu halda yehervari ndqtenin varlig1 {iciin xettilosdirilmis zoruri sort isbat
edilmisdir. Idare oblast1 agiq olmasi serti daxilinde Eyler tonliyinin analoqu alinmigdir.

Acar sozlar: oyun moselosi, miimkiin idars, yeharvari noqte, zeruri sort, Volterra tipli inteqral tenlik,
xottilogdirilmis zeruri sort.

Mmuorue mnponeccsl ONMCHIBAIOTCA Pa3ANYHBIMYU VHTETPAAbHBIMU yPABHEHMUAMU (CM.
Harp. [1-3]). B paborax [ 4-6 | 1 a4p. paccMOTpeHbI pa3ANyHbIe 3a4a4l OIITMMAaAbHOTO YIIpaB-
AeHNs ONVIChIBaeMble MHTerpaAbHBIMI ypaBHeHMAMY Tulla BoapTeppa.

HpeAAaraeMa;I pa60Ta IIOCBsIIIIeHa 1CCAeA0BaHUIO OAHOM Ml"pOBOI;I 3ada41 yIIpaBA€HIII
OIIVMChbIBaeMasl CCTEMOI VHTEeTrpaAabHBIX ypaBHeHI/IIZ THUIIa BOAI)Teppa. ,Z],OKaSaHIJI HeO6XOAI/I-
MblI€ YCAOBII CYINEeCTBOBAHIII CeAA0BOVI TOUKU B paCCManI/IBaEMOﬂ 3agaye.
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1. IlocranoBka 3agaum. JOIyCTMM, 4YTO YIIpaBAseMBbIVl IIPOLlecC OMNMChIBaeTCs Ha
dUKCHpOBaHHOM OTpe3ke BpeMeHU | =[t0 ,tl] CUCTEMOJ MHTEIPaAbHBIX YPaBHEHMII TUIIA

BoarpTeppa
W)= 165, X(G)u(s)v()ds,  teT. W

3aech X(t)— N —MepHBINT BeKTOP (pa3OBLIX ITepeMeHHBIX, f(t,S, x,u,v)— 3aganHas N -
MepHas BeKTOp-(QYHKI[Ns, HelIpephIBHas 110 COBOKYITHOCTY IIepeMeHHBIX BMecTe C YaCTHBIMU
NPOU3BOAHBIMU 10 X, u(t) (V(t))— r(q)— MEPHBINI KyCOYHO-HEeIIPePBIBHBIN (C KOHEUHBIM
41ICAOM TOYeK pa3phiBa IIEPBOTO poJa) BeKTOP YIPaBASIIOIINX BO3AEIICTBUI CO 3HAYeHMAMU

13 3aJaHHOTO HEITyCTOTO 1 OTpaHnYeHHOro MHoecrsa U (V) T.e.
u(t)eU cR", teT.
vit)eV cRY, teT. )
napy (u(t), v(t)) c BbitenpuBeseHHBIMY CBOIICTBAMM HA30BEM AOTIYCTHMOII TApOii
YIPaBASIIOIINX BO3AEICTBUIA.

IIpearioaaraercs, 4TO KaXKAOW 3a4aHHONM AOIyCTUMON IIape YIIpaBAeHUI u(t), V(t)
(coBOKyIIHOCTH (u(t), V(t)) ) COOTBETCTBYeT eAMHCTBeHHOe HEeIIPEePhIBHOE pelleHue X(t), teT

ypasHeHu: (1).

Ha permennsx X(t), teT ypasuenmns (1) HOPO>KAEHHBIX BCEBO3MOXKHOI COBOKYITHOCTBIO
(U(t), V(t)) onpegeanM PpyHKIMOHAA Tuna /larpamxka

b

J(u,v):_[F(t,x(t),u(t),v(t))dt 3)

to

3aech F(t,x,u,v) 3aZaHHasl CKaAspHast (l)yHKLU/Ifl HelpepblBHasA IO COBOKYIIHOCTI

IIepeMEeHHBIX BMECTe C YaCTHBIMU ITPOM3BOAHBIMMU 110 X.
[lepeiiaeM K IOCTaHOBKE UTPOBOM 3a4a4M.

IIpeanoaoXXuM, 9TO yIpaBAeHUeM u(t) pacriopsiKaeTcst cTopoHa A (IepBbIil UTPOK)
cTpeMsIIascs MUHUMM3UPOBaTh (PyHKIMOHaA (3), a yIpaBAeHUeM V(t) -cropoHa B

(BTOpOII UTPOK) CTpeMsIIIasIcs MaKCUMU3MPOBaTh TOT (PYHKIIMOHAA.

PaccMoTpuM caeayiolnyio UIpoByIO 3adady: CpeAM BceX COBOKYITHOCTel (u(t), V(t)) Ha

KOTOPBIX olpejeaeH (PyHKIMOHAaA (3), HaIIT! TaKyl0 COBOKYITHOCTb (u 0 (t), v° (t)), 4TOOBI
Iwo,v) < I v)< (uve) @
IIpY AIOOBIX (U(t), V(t)) eUxV,teT.

CoBOKYITHOCTD (uo(t), Vo(t)) YAOBAETBOPSIONIYIO YCAOBMIO (4) Ha3bIBaIOT CeA0BOI

TO4YKOM PpyHKITMOHaAa (3).

B Hacrosmeir paboTe BBIBOAATCS HEOOXOAMMBIE YCAOBMS CyIleCTBOBaHUS CeAA0BOI
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TOYKIN.

2. ®opmyaa npupamenns QyHKIMOHala KadyecTBa.

Ilyctn (u 0 (t ), v° (t )) u (u (t) =u’ (t) + Au(t), \_/(t) =v° (t) + Av(t )) -ABe AOITyCTUMBbIe COBOKYII-
Hoctu. Yepes Xo(t) u )_((t) = Xo(t)+ Ax(t) 0003HaYMM COOTBETCTBYIOIINE MM pellleHNs ypas-

HeHus (1). VI3 BBeaeHHBIX 0DO3HaUeHMII SICHO, UTO MpUpallleHne AX(t) TpaeKTopun Xo(t)

SIBASIETCSI peLHeHI/IeM I/IHTerpa/leOrO ypaBHeHI/IH
t
X t)=j[f(t,s,>_<(s),ﬁ(s),\_/( )) f(t,s,x°( ]ds (5)
t

Ilycts w O(t) IIOKa Mpou3BoabHas N- MepHas BekTop—pyHkIuA. Toraa us (5) nmoaydaem,
4TO

j(// t)Ax(t dtJ‘DW [f(t,s,i(s),u(s)\_/( )) f(t,5,%°(s) ]ds}dt

M)

IIpumenssi B IpaByIO 4acTh ®TOTO COOTHOIIeHMs: TeopeMy PyOunu (cMm. Hamp. [7]) moay-
qUM

jw )Ax(t dt_jﬁy/ ()| F (st x(@)a(E)v(t))- F (5,65 ()u°( ]ds}dt 6)

to

Vcnioansysa popmyay (6) sanuieM MoaHoe npupalnieHne QpyHKIMoHaala (3) COOTBeTCT-

BYIOII[ee COBOKYITHOCTSIM (u 0 (t), Ve (t)) u (u(t) =u’ (t) +Au (t), \_/(t) =V° (t) + Av(t)).
B pesyabTaTe moayunum

AJ (u° VO ): J (ﬁ,\_/)— J(u0 ,v°):

_ iﬂF (1030000 )~ Flx0 ()00 ©)0°0) ot + [ )it

—f Iv' () (5.t.x()T V(D) F (5.t @ @) @)s |t @)

Beeeaem anaaor ¢pyuknuu 'ammasrona-IloHTpsrnHa B Buge

1

H(t,X,U,V,l//O)Z—F(t,X(t),U(t),V(t))-l— J'z//o'(s)f (s,t,x(t),u(t)v(t))ds

t

[Tpumensia c])opmy/ly Te171Aopa u3 (7) I0Ay49UM, 4TO

2a.v)-of f!// - [HR X000 0)- HEX O v 0 =

to

- i (- j[H(t,x(t)u(t)ﬁ(tmwt))—H(t,x°<t>,a<t>,v<t>,w<t>)]dt=

f f
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_T[H (tixo(t)’a(t),\_/(t)d//o(t))— H (txo(t),uO(t),vo(t),x//o(t))]dt = (8)

—JW t)AX(t )dt — IH (tx )Ax dt —

to

—fol |AX(t)] )t - jH t,x°( °(t) JAx(t)d

Ecan npearoaaratrs, 4To BeKTOp —(PYHKIIUS Y/ 0 (t) YAOBAETBOPsIET ypaBHEHIIO
V0= H, 00 OV 00 0) ©)

TO popMyAa mpupalieHns (8) mpuMeT BUA;

36.9)- 30 .v)= ™ (et [ 6 20500 9000 H 6 X020 00 e -

to fo

[ 0070w 0))- o)) 00 axtoet
~ fouflaxtey et

(10)

. 0
Ypasuenue (9) s1BAsIeTCSI AMHEVHBIM MHTETPaAbHBIM ypaBHEHVEM OTHOCUTEABHO Y/ (t)
(compsikeHHas cucTeMa).

B aaapHeimmeM HaMm ITOHagOOSTCS OLIEHKM AAsl HOPMBI IIpUpallieHIs AX(t) Nz (5)
repexoAsl K HopMe, 1 MCII0Ab3Ysl IIPaBIAO TPEeyrOAbHMKA, IOAYIUM, 9TO

t

J.[f(t,s,i(s),ﬁ(s)ﬁ(s)) f(t,5,x° ]ds

to

<

|ax(t) =

<[5 x6)a6)06)- f(t,s,XO(s),u(s),v(s)]\+

+ s () als)v(s))- f s x® '(s)| s <
<o) ] (t,s,x"(sms)&(s))— f(t,s,x°<s>,uo (O (s)]es

IIpumen:s K mocaesHeMy HepabeHCTBY 00oOIeHMe AeMMBbl I'poHyoaaa-beaamana (cm.
Hamp. [ 7 ]) moayumum , 4to

lax(t)| < LJH i (t,s,xo(s),U(s),\_/(s))— f (t,s,xo(s),uo(s),vo(s)]‘ds (11)

rae Ly =const >0 nexkoropoe mocrosiHHOe.

Ecan npearnoAaaraTrb, 4TO f(t,S,X,U,V) MeeT TakKe I10 (U,V) HENIPEPHIBHYIO ITPOU3BOA-

HYIO TO IIO aHaAOTUM C AOKa3aTeAbCTBOM HepaBeHcTBa (11) soka3bIBaeTcsl CIpaBe4AMBOCTD
OLIeHKU
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t
|Aax(t) .[ [Au(s)|+ JAv(s) Jds, (12)
rae L, =const >0 mexoropoe nocrosiHHOe.
3. HeoGx0oavMbIe yCAOBMSI CYIeCTBOBAHNS CEAA0BOV TOUKM

Ilycts (uo(t),vo(t)) sIBAsIeTCS ceaA0BOM Toukoll ¢yHkimoHasa (3). Ilo ompeaeaenuio

CeJA0BOJ TOUKM DTO O3HAYaeT, YTO AAs AIOOBIX AOIYCTUMBIX IIpUpalleHnit Au(t) u Av(t)

BHITIOAHSIOTCA HepaBencTBa
I v)<a(uve) 13)
IO v°)= 3(ul,v) (14
COOTBETCTBEHHO.

ITycts & >0 aocraTouHO Maaoe IIPOMU3BOABHOE UnCA0, O € [to ;tl) IIPOM3BOAbHAs TOUKa

HeIIPpePBIBHOCTN YIIPaBACHM u°(t), a UeU mponsBoabHbIN BEKTOP.
CrierinaapHOe IpupallieHne yIpapA[ionienn GyHKIn uo(t) orpeaeAnM 1o popmyae

u-u(t) teld,0+e)=T
0, teT\T,,

' (15)

Auga):{

U TIOAO0KUM
Av(t)=0.
Uepes AX, (t) 0003HauUMM CIlelalbHOe MpupalieHne TpaeKTopun Xo(t) OTBeYaloIIee
npuparmennio (15) ynpasaenus U’ (t)
Toraa c yaetem ¢popmyay (10) s nepasencrsa (13) moayumm, 4to
J (u +Au, v’ J.l,// (t)dt -
(16)

—I[Ht X (D)u° (1) + Au, (O (O () HEX DU (1) ° (1) it -
—HH £ () U (t) + Au, (0)v° ()0 (t) ) He e x0(),u (@) v (), ° () ] Ax, ()t +
+ I o, jax, (t))dt > 0

to

s onenku (11 ) caeayer, uro
|ax, ()| <Le, teT 17)

rae L, =const >0 nexoropast mocrostHHast.
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V3 HepaBpeHcTBa (16) mpuMeHssT TeopeMy O cpeaHeM M y4uTbiBas (popmyasl (15) u
(17) moayumm, 9TO

o0, 003 00 (0) - H{EX O )3 (0)1°(0) ] 0,(2)> 0
CaeaoBaTeAbHO, B CrAy IIpon3BoAbHOCTH & >0

H(0, x°(0),u.v°(0)y°(6))-H(6.x°(0)u’(6)v°(6).1°(6) )< 0 (18)

Teneps moaaras Au(t)z 0, crienmaapHOe IpuMpaleHne yIpaBAsioniet GyHKInI Vo(t)

omnpeeauM 1o ¢opmyae
v=VO(t), te(s E+p),
AV” (t): ( ) € (Qg é: /.l) (19)
0, teT\[&, &+ ).
3aecy 1 >0 A0CTaTOYHO Maaoe IIPOM3BOABHOE U1ca0, VEV Mpon3BOABHBII BEKTOp, a
e [to ;tl) IIPOM3BO/AbHasl TOUKa HeIIPePBIBHOCTU YIIPaBAEeHILs Vo(t).
Uepes AX, (t)0603Ha‘-II/IM crielaabHoOe IpupalleHne TpaeKTopun Xo(t) OTBeyaloIee
npupaniennio (19) ynpasaenns VO (t)
N3 ouenxn (11) caeayert, uto HAX ” (t)” UIMeeT IIOPsAAO0K Maaoctu £ . IlosTomy ¢ ydyeTom

tacke (19) ns nepasencrsa (14) moayumm, uto

J (u° Vo4 Avﬂ)— J (u0 ,v°):
=—I1[H (6, x° () (0)+ Adv, (1) ) HEXC @O0 O () Jot + 0y (1) =

—ulH (g X (@ () )-HEX @V () (@) Jrou(w)<0
Orcioaa B cray mponssoasHoCcTH 4 > 0 TI0Ay4mM, 94TO
H(0, x°(0)u°(0)v.w°(6))- H(6,x°(0)u°(6)v°(6).1°(6) )= 0 (20)

ITpuaumas Bo BHMMaHus HepaseHcTBa (18) 1 (20) mpuxoauM K caeayiomieMy yTBep>Kae-
HUIO.

Teopema 1. Aas TOro 4ToObl COBOKYITHOCTD (uo(t),vo(t)> SABAAAOCh CeAA0BOI TOUYKOIM

¢ynkumonaaa (3) B paccMaTpuBaeMoi 3ajade HeA0X0AMMO, YTOObI HepaBeHCTBa
H(O. X O)ur (O)p°(0))- H(o.C @) (@) (0)p°(0))<0
H(O. X (O (O)v.r°(0))- H(O.XC () (O)v* (O} *(0) )0
BBITIIOAHSA0CH AAs1 BeeX O € [to t,),uel u &e [to;tl), V eV cooTBeTCTBEHHO.

4. luaeapu3oBaHHOE HEOOXOAMMOe yCA0BMe ONTNMaabHOCTI. [lycTs B paccmaTpu-
BaeMoIl 3agade MHOXectBo U BhIIyKaO€, a f(t,X,u,V) u F(t,x,u,v) JMEIOT HeIlpephIBHbIe

IIPON3BOAHBIE TaK>XKeE 110 (U ,V) .

Vs ¢popmyanl npupaienns (7), npearoaarast 4to l//o(t) SBASIETCS PelleHreM COIIpsi-

JKeHHOTO ypaBHeHUs (9), ToAy4nm, 4To
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']

3uv)=3(uv) = [ [H X @)@ v @ ° 1) Jault) + H 6 X0 u @) v (@) ° (1) Javiot - o

- joz (|ax(@)] + | Au(e)] + | Av(e) )t

ITycts (uo(t),v0 (t)) ceAA0Bast TOUKA paccMaTpuBaeMoro GpyHKIMOHAa, a Av(t) =0.

[Toaoxxum

Au(t;e)=elu(t)-u° () teT (22)

3aech ¢ €|0:1] npoussoasnoe uncao, a U('[), t €T nmpoussoavrHoe gomycTumoe yrpas-
A€HIe.

Yuwnrsisas onjeHKy (12) u popmyay (22) n3 popmyasl npupaiieHus (21) moaydmm, 4to

Iu(t)+ Auft; )V (t))- 3 (t)v° (1)) =
=—gj HZ (t X (£).u° () (). (1) Nu(t) - u®(t))dt + o(e) = 0

CaeaoBaTeabHO
T H (X ()u° ()v° () () Jult) - u° )t <0 (23)

Ecam nnoaarats Au(t) =0, a cnenmaasHOe IIpupaleHne yrpasAsionier GyHKIun Vo(t)

orpeAeAunTs 1o Gpopmyae

Au(t; )= ulu(t)-v° ()| teT,
rae UE [0;1] - IIPOM3BOABHOE YIICAO, a V(t)- IIPOM3BOABHOE AOIYCTUMOE YIIpaBAeHNe, TO I10C-

Ae HeKOTOPBIX ITpeoOpasoBaHMil, n3 Gopmyasl npupaiienus (21) pyHKIMOHaAa KadecTsa
IIOAYYMM, UYTO

SOV vlsn)- (0 0) =
=—ﬂjH;(t,x°<t>,u°<t>,v°<t>,w<t>xv<t)—v°<t>)dt+o<u>so
TRl 000 0 ) - 00 @

Hepasencrsa (23) 1 (24) Takxe sBAAIOTCS HEOOXOAMMBIMU YCAOBUSAMMU CYIIIeCTBOBaHIAS
CeAA0BOI TOUKM PpyHKIIMOHaAa (3).

Teopema 2. Ecan muoxxectBa U u V' BBIIIYKABI, TO A4 TOrO YTOOBI COBOKYIIHOCTb
0 0 g .
(u (t),v (t)) ©b140 cea10BOI TOUKOM PyHKITMOHAaAa (3) HEOOXOAMMO, YTOOBI HepaBeHCTBa
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[H X000 0.0 0w ) Yolt) - )t <O,

)

tj H [t x° @) ()" () ° (1) Jv(t) - v° ()t > 0,

BBIIIOAHSIAOCH 4451 BCeX u(t) eU,teT un V(t)eV ,teT coorBercrBeHHO.

5. AHaaor ypasuenmus Diiaepa. ITpeanoaoskum, auro muoxecrsa U n V sBasiorest ot-
KpbITBIMIL. ITycTh éU(t) eR',teTu &/(t)e R%, t €T mpomssoabHbIE KYCOUHO-HETIPEPHIBHBIE

1 OrpaHM4Y€HHbIE BeKTOp-(l)yHKLU/H/I.
B CnAay caeAaHHbIX Hpe,Zl,HOAO)KeHI/Iﬁ criennadapbHoe IIpupamenmne AOIyCTMOro yIipaB-

AeHUs (u°(t),v° (t)) MO>KHO OIIpeAeANTb 110 popMyae
Au (t)=edu(t), teT,
{Avﬂ(t): udu(t), teT, )
34ech & U i TPOU3BOABHBIE 4OCTaTOYHbIE Mable 10 aDCOAIOTHON BeAUdHe Ylcaa.
Uepes AX,, (t) 0003Ha4YNMM CIlellalbHOe IIpupallieHne TpaeKToOpumu X(t), COOTBETCTBYIO-

Ilee IIpupalieHnIo (25) yripaBaeHns (uo(t),vo (t)) Toraa ns onjenkn (12) moayyaem, 4to

lax,, (t) < L{g}”&(tﬂdt + ytjl||ci/(t)||dt (26)

) )

rae Ly =const >0.
ITpunmumas so BuMManus popmyast (25) u (26), u3 popmyasl npupamienus (21) moayda-

I )+ £ Au(t)vO )+ mau(t))- I V(1) =

o HI 0 O ) -

to

[ HLE 000 (0.0 et of ] + ).

)
V3 paszaoxenns (27) caeayet, 94To ecan (uo(t),vo (t)) SABASETCS CeAA0BON TOUKOM (PyHK-

nmuonaaa (3), To A4s BCeX AOIYCKAIOIIVIX BapUaluii &J(t) u &/(t) yIIpaBAeHU (u (t),vo(t))
COOTBETCTBEHHO, BBITIOAHSAIOTCSI COOTHOIIEHNS

PHz (000 000 bt e =0, 29

fo

THC(L X°(E) U (t).v (t).y° () Jov(t)dt = 0. (29)

f
CootHomtennst (28), (29) ABASAIOTCS HESABHBIMU HEOOXOAVMMBIMU YCAOBMSAMU OIITUMAaAb-
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Yeaosus cyugecmeosanus cedA0601i mouku 6 00HOI Uzp0o6oIl 3a0aue ONUCLIBACMAS UHIMEZPAAHOIMU YpasHeHusMU muna Boavmeppa

HocTu. HO mcroap3ys nponsBoabHOCT BapuaLuii 5u(t) u &/(t) MO>KHO ITOAYYUTh HEOOXO-

AVIMOe YCAOBU€ ONTMMAaAbHOCTHM, SIBHO BBIpa’keHHOe uyepe3 IlapaMeTphl paccMaTpuBaeMoli
3aga4.

meeT mecToO

Teopema 3. /a5 TOro 4TOOBI AOIYCTUMOE yIIpaBAeHIe (uo(t),vo (t)) OBL10 CeAA0BO TOU-
KOl yHpaBAeHIs (uo(t),v0 (t)), B CAydae OTKPBITOCTM 004acTy yIpaBAeHM:s, HeoOXOAUMO,

4TOOBI A451 Bcex O € [to ;tl)BI)IHOAH}IAI/ICL COOTHOIIIEHI
H(0.(0).u’(0)v°(0)1°(0))=0,
H(0,x°(6).u°(0)v°(0).5°(6) )=0.

OTU COOTHOIIIEHUS SIBASIOTCA aHaAOTaMU YpaBHEHM:I 9171Aepa AL paCCManI/IBaeMOﬁ
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ABSTRACT

% 5. f of the normalized analytic function f of the form f(z) = z + a,z% +

apy
asz3+..., we study the coefficient estimates and solved the Fekete-Szegd problem for the hadarmad product of

the subclasses HS, (b) and HS;(b) of the analytic normalized univalent functions using comparison method and
Cauchy Schwartz inequality.

For the linear transformation D

Keywords: Analytic, univalent, starlike, linear transformation, coefficient estimates, Fekete-Szego
inequality.

MSC[2010]: 30C45

FEKETE-SZEGo"MUSYYON ANALITIK CATAN TRANSFORMASININ HADAMARD MOHSULU
ILO OLUNAN ULDUZBOZi VO QABAR FUNKSIYALAR SiNFi UCUN PROBLEM

XULASO

f(z)=z+a_2 z"2+a_3 z"3+... soklindoki normallasdirilmis f analitik funksiyasinin D_(a,8,y)"s f xatti gevrilmasi
tiglin amsalin toxminlarini dyranirik ve miiqayise tisulundan ve Kosi Svarts barabarsizliyinden istifade etmakla
analitik normallasdirilmis univalent funksiyalarm HS_n (b) vo HS_n"c (b) yarimsiniflerinin hadarmad hasilinin
Fekete-Szeqo " problemini hall edir.

Acar sozlar: Analitik, birvalent, ulduz kimi, xatti ¢evrilms, amsal toxminlori, Fekete-Szeqo“barabarsizliyi.

1 Introduction and Preliminaries
For the normalized analytic function f of the form:
f(2) =z+a,z* + azz3+...,a, € C(1)
in the unit disk U = {z:|z| < 1}, Fekete and Szego [7], proved that,
. 21
las — 2aZ| < 1+2e71-4,0 <A< 1. (2)

and for the Schwarzian derivative Sy given by
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= (L) — ()
S = (f) Z(fl) ()
simple calculation shows that the coefficient functional

dr(A) =az — Aa?! is related to the Schwarzian derivative by

i 1 (s 34 cnr
b () = a3 — 2az =2 (£"(0) - 2 (f"(0))?)
on normalized analytic functions f in the unit disk.

Kanas and Darwish [8] remarked that, when 1 =1, ¢y = a3 — a%i, becomes 5 6(0), where

S¢ denotes the Schwarzian derivative given in equation (3) and that if we consider the nth
root transformation

1
(f@)r =2+ cpy1 2™ + Conp 122"+

(1-n)aj!
2n2

of the function in equation (1), then c¢,4; = % and ¢cyp41 = % +

, so that

az — Aas' = n(Cons1 — UCA+1)
where uy = An+ (n—1)/2.
Several authors have discussed the nature of ¢;(1) for the normalized univalent
functions in the unit disk (see ,[3],[4],[5],[6], [7], [8], [9]). Authors in [1], [2], [10], [11], [12],

[13], [19] and [20] also solved Fekete-szegd inequality for classes of normalized analytic
functions.This is known as Fekete-Szegd problem.

Now, we denote by S, the set of all functions of the form (1) that are normalized analytic
and univalent in the unit disk

U ={z:|z| < 1}. Let " (@), S°(a) be the classes of starlike and convex univalent function
of order a, of the form:

5" ={f €S:Re (}f((?) >p0<f<LzeU} (&)

S*={f€S:Re(1+Z]]:,'—é§))>B,,OSB<1,z€U} )

Several researchers have generalized the notions of a — starlikeness and a —convexity
onto a complex order a see [14], [16], [17] for example. When § = 0 in equations (4) and (5),
what is obtained is the starlike, respectively, convex functions with respect to the origin.
With the aid of Ruscheweyh derivative, Kumar et al [15] introduced the class S,(b) of
functions f € S as follows:

Definition 1 Let b be a nonzero complex number, and let f be a univalent function of the form
(1), z € U. We say that f belongs to S, (b) if

Re{1+%(%—1)}> 0 (6)

Moreover, the author in [16] defined a linear transformation Dy 4., f by

a+nf+n?y

S .
T ) ahz" By 2 0a 2 ;s €NUOI(L<i<k), @)

Dip, f(2)=z+3, (

where k € N,
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and Makinde et al, in [17], [18] studied the Fekete-Szego problems for starlike, convex
functions, respectively for normalized analytic and univalent functions of the form (1).
Furthermore, for

a+nf+n?y

S .
D3 g, f(@) =2+ Bk, (22 e ) dhz™ and DS, 9(2) =z + 55, (
define the hadamard product H"(z) of D 4., f (2) and Dy 5,,9(z) by

a+nﬁ+n2y)s i
—) dhz"
a+f+y nZ, W€

_ o a+nf+n’y

HY2) = 2+ T, (CE
Motivated by the work of Kanas and Darwish,and Makinde et al in [8], [17] and [18], we
study the coefficient estimates and solved the Fekete-Szegid problem for the hadarmad
product of the subclasses HS,,(b) and HS;,(b) of the analytic normalized univalent functions
using comparison method and Cauchy Schwartz inequality. Now, we give the follwing

25 . .
) dhdiz" By = 0a=1LsENVOI(I<i<k) kEN. (8)

definitions

Definition 2 Let b be a nonzero complex number, and f a normalized analytic univalent
function of the form (1). We say that f belongs to HS, (b), respectively, HSy,(b) if

Re{1+%(%—1)}>0,zea )
respectively,
Re{1 +%(%)} >0,z€U, (10)

The following results shall be employed in the proof of the main results of this study.

Lemma 1 [19] Let P be the class of analytic functions in U with p(0) = 1, Re p(z) > 0 and of
the form

p(2) =1+cz+cz%+.., (11)
then
lenl < 2,n > 1.
_ (1+y12) _ . C1 . _
If |c1| = 2, then p(2) = p, = ori2) with y; = 3. Conversely, if p(z) = p, for some y; =1,
—r1
then ¢; = 2y; and |c;| = 2. Furthermore, we have
2 2

2 2
If |c;1] < 2 and |c2 —% =2 —%, then p(z) = p,, where

a2
— 172
P2(2) = vy
1+Y1v22
c 2¢c,—c2 .
and y; = 71, Yo = 4—2IclI12' Conversely, if p(z) = p, for some y; <1 and y, = 1, then y; =
c 2c,—c? c? c1)?
Y =— 1and|c2——1 =2 lal
2 4—|cy|? 2 2

Lemma 2 [17] Let n = 0 and b a non-zero complex number. If f of the form (1) is in S, (b), then
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i (@+p+y) \°
laz| < 21b] ((a+25+4y))

and

. S
lai| < |b] (%) max[1, |1+ 2b|], 5,y = 0;a > 1;s ENUO,i(1 < i <k).

Lemma 3 [17] Let n > 0 and b a non-zero complex number. If f of the form (1) is in Sy (b), then

i (@+B+y) \°
|az| < |D| ((a+25+4y))

and

. S
|k | s'%‘(%) max[1, |1+ 2b|, B,y = 0;a>1;s eNUO,1 < i< k.

Lemma 4 [18] Let b be a nonzero complex number and f € Sy, (b). Then for u € C, the following
holds.

Lemma 5 [18] Let b be a nonzero complex number and f € Sy;(b). Then, for u € C, the following
holds.

In what follows, we give the statement and proof of the results of this study.

2 Coefficient estimates for HS,,(b) and HS},(b)

a+B+y
a+3B+9y

(a+3B+9y)°
(a+2p+4y)%s

|ak — pa'| Sb( )smax{1,|1+2b—2b,u

s (a+3B+9y)°

i i 1, _ —
|a} — nad| < 3 t3°|blmax {1, |1+ 2b - 3but; et

Theorem 1 Let b, A be non-zero complex numbers and Dy 5., f of the form Dg 5., f(2) = z +

o np+n2y\° ;...
Yn=2 (%) anz™ is in Sy(b) and Dy 4.,g of the form

D3g,9(2) =2+ %, (

a+nf+n’y
a+f+y

S .

) dhz"is in S{b). If H™ € HS, (A), then
i i (a+B+y) \*S 2

labds] < 2121 (Gpprsy) A 2 21l

and

. 2s
laidi] < |1 (%) max[1, |1+ 24,8,y = 0;a>1;seNUO01<i<k.

a+B+y

2s
" /3+9y) {max[1, |1 + 2b|]}?

where [2]max[1, |1+ 24[] = [b[? (

Proof 1 Firstly, let Dy 5., f € Sp(b) and D, 5., g € Sy (b), then by lemma 2,

- (a+B+y) \°
bl < 2bl (aes)  (12)

and
i (a+B+y) \°
PIPRTIACTN

we need to find a smallest A such that
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i i) (_(a+B+y) \*°
la2d2|((§|+;|ﬁ+m) < 1(14)

From inequalities (12) and (13), using Cuachy Schwartz inequality, we have

. 2s
laldi| (a+B+y)
|29z ((a+zﬁ+4y)) <1 (15)

2[p| -

It suffices to show that

i i (_(@tBty) \*S i gi ((_(atB+y) \*
|a2d2|((a+zﬁ+4y)) |a2d2|((a+2ﬁ’+41’)) (16)
2|1 - 2|b|

from inequality (16), we have

[1at gi [ (LB V> _ 11
|a2d2|((a+2[>’+4y)) S|b| (17)
from inequality (15), we have

Lo +B+ 2s
bl (L2 < 2pp)  (18)

Using inequalities (17) and (18), we have

A
2|b| s% (19)

and the inequality (19) implies that
|41 = 2|b|?
and this completes the first part of the theorem.
Secondly,
Let Dy g f € Sp(b) and D, 5,9 € Sy (b), then by lemma 2

. S
lai| < |b| (%) max[1, |1+ 2b|], 5,y = 0;a > 1;s ENUO,i(1 < i <k), (20)

and

. S
di| < |b| ((g—m) max[1, |1+ 2b[], 8,y = 0;a > 1;s ENUO,i(1 <i<k). (21)

we need to find a smallest A such that

. 2s
lasidi] < |A] (%) max[1, |1+ 24[, 8,y = 0;a > 1;s ENU0,i(1 < i < k).

From inequalities (20) and (21), using Cuachy Schwartz inequality, we have

/ ladd|(a+3B+9y)%S
<1 (22

(a+B+y)3S|b|max[1,|1+2b]|] —

It suffices to show that

(@ +3B+9y)5|akdl| - (a+3B+9y)?s /|a§a§| -
(a+B+y)3S|Almax[1,|1+21|] = (a+B+y)?S|b|max[1,|1+2b]] ( )

From inequality (23), we have
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< [Almax[1,|1+2A]]

iqi
|a3d3| — |b|max[1,|]1+2b|] (24)

From inequality (22), we have

i qi (a+B+y)?S|b|max[1,|1+2b|]
/|a3d3| < (3BT (25)

Using inequalities (24) and (25), we have

(a+B+y)?|b|max[1,|]1+2b|] < [Almax[1,|1+2A]]
(a+3B+9y)2s ~ |b|max[1,|]1+2b]]

(26)

Calculations in inequality (26) shows that

(a+B+y)?5|b|*{max[1,|]1+2b|]}?
(a+3B+9y)%s

< [Almax[1, |1 + 21|]

and this completes the proof of Theorem 1.
Theorem 2 Let b, A be non-zero complex numbers and Dy 5., f of the form Dg 5., f(2) = z +

o g\ ..
Y=y (%) anz™ is in Sg(b) and Dy, 5,9 of the form

o +np+n?y\° o
D, 9(2) =2+ X5, (%) diz" is in SS(b). IFH € HSS(A), then
i i (a+B+y) \%S 2
jasdbl < A (Z2E) ", A= b
and
i gi| < W (_(@+pry) \* . . :
|ajdi| <2 ((a+3ﬁ+9y)) max[1,|1+ 24,8,y = 0a>1;seNUO1<i <k

2s
where |A|max[1, |1 + 2] = |b|? (%) (max[1, |1 + 2b[]}?

Proof 2 Firstly, let Dy 5., f € Sp(b) and Dy 5., g € Sy (b), then by lemma 3

i (a+B+y) \°
(Y o
and
i (a+B+y) \°
PIPACTAA

we need to find a smallest A such that

i i (_(atBy) \*S
|a§d§|((a|;|23+4y)) < 1(29)

Following the proof of the first part of the Theorem 1, we obtaing the first part the
result.

Secondly, let D, 5. f € Sp(b) and D, 5., g € Sy (b), then by lemma 3

jag) < B (Letbn.

S
i< (MBW)) max[1,|1+2b[,B,y = 0;a>1;s ENUO1<i<k (30)

. S
|dL| s%(%) max[1,|1+2b[, 8,y = 0;a>1L;seNUOL<i<k (31

we need to find a smallest A such that
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. 2s
lahdi| < "31—'(%) max[1, |1+ 24|, 8,y = 0;a > 1;s eNU 0,1 <i < k. (32)

Following the proof of the second part of the Theorem 1, we obtaing the second part the
result and this completes the proof of Theorem 2.

3 The Fekete-Szego problem for the subclasses HS,,(b) and HS;,(b)

Theorem 3 Let b, A be non-zero complex numbers and Dy 5., f of the form Dg 5., f(2) = z +

Y=z (w) abz" is in SS(b) and DS a.py9 of the form

a+pB+y

DS 5,9(2) = 2+ 3%, (%[:;V) di,z" is in SS(b). If H" € HS, (), then

a+B+y
a+3B+9y

(a+3B+9y)°
(a+2p+4y)2s

|4, — pagi] < 1212 )Smax{1,|1 +21— 24 }2

where A4 = asd} and A, = abd} and

S
A2 2|b[?|2Imax[1, |1+ 24]] = |b|? (-=L) {max(1, |1 + 2b[1}?

a+33+9y
Proof 3 Let D, Byf € Sn(b) and Daﬁyg € Sn(b), then by lemma 4, we have
i_ o2 atBty \° _ (a+3B+97)°
jaf — uag| < b (S2EL) max {1, |14 2b - 2bp SEEEOC L (33)
and
i a+pB+y _ (a+3B+9y)°
|d3 | =1|b l(a+3ﬁ+9y) Inax{]"|1 +2b 2b“(a+23+4yﬂs} (34)
From inequalities (33) and (34), we have
i il i i a+f+y \° (@+38+97)° N1
|Cl§ - ,ua%‘”dg - ‘le%l| < [lbl (m) max{l, |1 + 2b — ZbMW }]
a+p+y _ (a+3B+9y)° 2
_l l (a+33+9y) bnax{1¢]'+-2b 2b#(a+25+4yﬂs}] (35)

But,

b — [ - net3| = |(ab — nad dh — 3|

= |aid} — u a%‘d — pu(asdd' + aZ'd})|

< |akdl — p?aZdsl|

< |aid} — paZ'dsl|
Thus we have

|a} — naj'||ds — ud?'| < |aid} — pnaz'dd’|  (36)

Using Eqns. (35) and (36), we have

b2 (LN X < abdl - paBd3!| < AP (ZEL) Ty (37)

a+3B+9y a+3B+9y
where
X = [max{l, |1 + 2b — Zbﬂmg—;i,y)); }]2 and Y = [max{l, |1 + 21— Zlu% }]2

This completes the proof of the Theorem 3.
Theorem 4 Let b, A be non-zero complex numbers and Dy 5., f of the form Dg 5., f(2) = z +
Yoy (w) al,z™ is in SS(b) and D a.py9 Of the form

a+B+y
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a+nf+n’y
at+f+y

S .
D3p,9(2) =2+ %, ( ) dhz"is in S5(b). If ™ € HS(b). Then, for u € C, the

following holds.
Lt Lo _agypes @3B+ )
|A3 UAas | < 3 t3 |A|max {L |1 + 24 = 34ut; (a+2B+4y)2s }

where A} = a3d} and A} = ajd; and
A2 2[b|? |AImax(1, |1 + 2] = |b|? (SEL

a+3B+9y

) max1, 1 + 2b[]}?
Proof 4 Using lemma 5 and following the procedure of the proof of the Theorem 3, we have result.

4 Conclusion

The result in this paper shows that the Hadamard product of the linear transformation
Eqn. (7) in the subclasses in Eqns. (9) and (10) give finer results. It will also be interesting to
check the effect of the linear transformation given in Eqn. (7) on other subclasses of
normalized analytic functions.
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PE3IOME

PaCCManI/IBaeTC}I OJAHa HeTUIIOBas 3adada OITMMa/AbHOIO yIIpaBA€HI:, OIIVIChbIBaeMasl CHICTEMO VHTErpo-
AM(I)q)epeHLU/IaAbHI)IX ypaBHeHI/IIZ TUIIa BOA},Teppa.

HpI/I Pa3AM9HBIX IIPEAIIOAOKEHNIX AOKa3aHbl aHaAO0TU ITPMHINIIa MaKCUMyMa HOHTpHrMHa " AnHeapuso-
BaHHOI'O MHTEIpaAbHOTO ITPUHIINIIA MaKCIMyMa.

KaroueBble caoBa: HeTHIIOBas 3aJada ONTMMAaABLHOTO yIIpaBAeHNs, (PYHKIIMOHaA KadecTsa, (pynkmus I'a-
MuabTOHa-ITOHTpAIMHA, TPUHINIT MaKCUMyMa, AMHeapu30BaHHLIN IMPUHIINII MaKCUMyMa, HeoOXOAMMOe yCAO-
Bli€ OIITVMMAaAbHOCTH, AOIIyCTUMOE yIIpaBAeHle.

ON ONE PROBLEM OF OPTIMAL CONTROL AN INEPAR QUALITY CRITERION
ABSTRACT

In the paper there is a single inepar problem of optimal control described by the Volterra typeintegro-
differential equation.

With different assumptions, the analogues of the Pontryagin’s maximum principle and the linearized
integral principle of the maximum are obtained.

Keywords: the inepar problem of optimal control, quality functional, the function Hamilton-Pontryagin’s,
maximum principle, linearized integral principle of maximum, necessary optimality condition, admissible
control.

TIPO AIDOLMAYANKEYFIYYOTMEYARLI BIROPTIMALIDARSETMO MOSOLOSIHAQQINDA
XULASO

Volterra tipli inteqro-diferensial tonliklor sistemi ila tosvir olunan hegve bir tips aid olmayan bir optimal
idareetma masalasine baxilir.

Miixtslif ferziyysler daxilinds Pontryaginin maksimum prinsipinin ve xattilagdirilmis inteqral maksimum
prinsipinin analoglari isbat edilmisdir.

Acar sozloer:Tips aid olmayanoptimal idarsetma masslesi, keyfiyyst meyari, Hamilton-Pontryagin
funksiyasi, maksimum prinsipi, xattilagdirilmis maksimum prinsipi, optimalliq {i¢iin zaruri sart, miimkiin idare.

1. Beegenme.B monorpadpunm [1] H.H.Moucees msyuma ps4 3agad ONTUMaAbHOTO
yIIpaBAeHMs], OIJChIBaeMble OOBIKHOBEHHBIMM AnddepeHInalbHBIMI YpaBHEeHUAMU U C
HeTUIIOBBIM KpUTepueM KauecTBa, KOTOpble BO3HUKAIOT IIpM pellleHuM Pa3ANdYHBIX 3ajad
CHHTe3a, a TaKXKe B psje NPUKAAAHBIX MICCAe AOBAHMIA.

B npeaaaraemoit paborte anasormdnas 3ajada u3 [1] paccMaTpuBaeTcs AAsl CUCTEMBI
unrerpo-Ang@epeHnaibHbIX  ypaBHeHUin Tumna Boabreppa. VYcraHoBaeHb aHaAOTU
NpuHOUIla Makcumyma IIoHTpsarMHa M AMHEApU30BAHHOIO MHTEIPAAbHOTO IIPUHIIAIIA
MakcumywMma (cM., Haripumep, [2, 3]).
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2. Ilocranoska 3agaun.Ilycrs T = [ty, t;] —3aganusnt orpe3ok, U € R” — 3ajaHHOe He-
IIyCTOe ¥ OrpaHNyYeHHOe MHOKeCTBO.

[IpeannoaoXmuM, 4YTO yHOpaBASEMBIN IIPOLIECC OIMCBIBACTCA CUCTEMONM  MHTerpo-
audepeHIIalbHBIX ypaBHeHNIT TiIIa BoabTeppa
t

x = f(tx(t),u) + fK(t, 7,x(7),u(r))dr, t €T, €Y)
to
C HauaAbHBIM YCAOBVIEM
x(to) = xo. 2
3aecw f(t, x,u),K(t,7,x,u)— 3asaHHbIe HEIIPEPBIBHBIE II0 COBOKYIIHOCTU II€PEMEHHBIX
BMeCTe C YaCTHBIMU IIPOM3BOAHBIMU IIO X,/-MepHbIe BEKTOP-(QYHKIINM, Xo —3aAaHHBIN
IIOCTOSIHHBIIT BEKTOP, U(t) —7 — MEPHBIN KYCOUHO-HEIIPEPHIBHEIN (C KOHEUHBIM YICAOM TOUEK

paspbiBa II€EPBOIO pozla) BEKTOP YIIPpaBASIOIINX BO3A€VICTBUI CO 3HAYEHUIMMU U3 3a4aHHOTI'O
HEITyCTOro 1 OrpaHnM4YeHHOro MHO)KeCTBaU, T.e.

u(t) =U c R7, terT. 3)
Takne praBASIIOH_U/Ie (l)yHKLU/II/I Ha30BeM AOHyCTI/IMLIMI/I praBAEHI/I}IMI/I.

Ilpeanoaaraercs, YTO KaXAOMY AOIYCTUMOMY VyIIpaBAeHMIO U(t)COOTBETCTBYeT
eAMHCTBeHHOe KyCOUHO-TAajKoe perteHne x(t) sagaun Komn (1)-(2).

Ha pemennax szagaun Komm (1)-(2), mopokAeHHBIX BCEBO3MOXKHBIMU AOMYCTUMBIMU
yIIpaBAeHUSIMI olIpedeauM PyHKIVOHAA
ty ty
S = o(x(ty) + f f F(t,s,x(t), x(s)) dsdt. (4)
to to
3aeckr @(x) — 3ajaHHas HempepwlBHO aAuddepeHIpyemMas cKaaAspHas (PYHKINA, a
F(t,s,a,b) — 3aganHHas1, HelpepbIBHAs ITO COBOKYITHOCTHU IIepeMeHHBIX BMecTe C Fy n Fj ckaa-

sipHas PYHKITUSL.

3ajaua 3aKA09aeTCs B HAXOXKAEHMM MMHMMAABHOTO 3HaueHMs QyHKIMOHaAa (4) mpu
orpannyenusx (1)-(3).

Jormyctumoe  ynpasaenneu(t),40CTapAsIoNiee MUHUMaAbHOe 3HadeHMe (PyHKITMOHa-
ay(4) npu orpannyennsax (1) — (3)HasoBeM ONTMMAaABHBIM YIIpaBAeHIEM, a COOTBETCTBYIO-
it poniecc(u(t), x(£) ) — ONTUMAaABHBIM IPOLIECCOM.

CLII/ITa}I, 4yTOB paCCManMBaeMOﬂ 3ada4e OIITMMaJabHOeE yIIpaBA€eHIE CyIlIeCTByeT Hepeﬁ-
AEM K 40Ka3aTeAbCTBY H€O6XOAJ/IMBIX YCAOBMfI OIITVIMaAbHOCTHU B paCCManMBaeMOﬂ 3agayde.

3.@opmyaa mpupamenmnsi PpyHKOVOHAAa KadecTBa ¥ HeOOXOAVIMBbIE YCAOBUSI
ontmMaabHOCTH. Ilyctou(t) — Ppukcuposannsit, ati(t) = u(t) + Au(t) — IpOU3BOABHBIN -
AOIIYCTUMBIE YIIPaBAEHIsL.

Uepes x(t) n x(t) = Ax(t) + x(t) obosHaunm perrrenns 3agaun Ko (1)-(2).
Toraa sicHo, uTo pupamieHneAx (t)OyAeT pelreHneM 3alaun

Ax = f(t,x,u) — f(t,x,u) +

70



006 00noii 3a0ate ONMUMAABHOZO ynpasaeHUus ¢ HEMUNoOB6ovIM Kpumepuem Kaiecmaea

t
+ f[K(t, 7,%(7), u(7)) — K(t, 7, x(7),u(r))]dr, (5)

to
Ax(ty) = 0. (6)
ITycTs () — mOKa HeM3BeCTHas 1-MepHas BeKTOP (PYHKITIA.

M3 cooTHomenns (5) moay4mm CripaBe4anBOCTh TOXKAECTBA

fx/)’ (OAx()dt = fl/)’ Of (6 x@®), u@®) — f(t, x(@),u®))]dt +

ts
¥ f P

f[K(t, 7,%(7),u(7)) — K(¢t,7,x(7), u(r))]dr] dt.

to

Orcioga, npumensis reopemy Oyounn (cMm. Hanpumep, [4, 5]) Oyaem nmeTs

ty ty
f W (DA% (D)dt = f W O (650, 20) - £(&,x(0), u®)]de +
to to

ti[ t1
+ f f ¢'(T)[K(T,t,x(t),u(t))—K(T,t,x(t),u(t))]drl dt. (7)
to Lt

B CNAy Ha4aabHOIO YyCAOBMA (5), IIPUMEHSISI Cl)OpMYAy VHTETrprpOBaHMA 110 9acCTsiIM B
OIIpegeAeHHOM MHTerpade roaydaem, 9To

ty t1
f W ©(Odt = ' (6)Dx(tr) — f ¥ (Ox(D)dt. @®)
to to

Yunteias ToxkAectsa (7) u (8) sanuieM npupairieHne QpyHKIMOHala KadecTsa

AS(w) = S(@) — Sw) = [p(x(t)) — o(x(t))] +

t; tg

+ f f[F(t, s, %(6), %(s)) — F(¢t,5,x(t), x(s))|dsdt +

to to

t ty
' (E)Ax(ty) — j ¥ (Ox(O)dt - f W O (620, 70) — £ (6 x(0),u(®)]dt +
fo fo

ti1 t1
+ f f Y (DI[K(r,t,%(t),u(t)) — K(1, t,x(t),u(t))]dr‘ dt. 9
to Lt

Beegem anaaor ¢pyukiun 'amnasrona-Ilonrpsruxa s Buge

ty
H(t, x(®),u(t), (1)) = 'O f(t, x(@®), u®)) + J. Y (DK (7, ¢, x(t), u(t))dr.
t
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Toraa popmyaa npuparienns (9) MoxkeT OBITD 3allMICaHO B BUAe.

S() = [p(x(t))Ax(ty) — @(x(t))] + ¢’ (6)Ax(t,) — f Y (OAx(t)dt —

ty
- f H(t, x(0), u(®), () — H(t, x(®), u(t), p(©)) dt +
to
t; tq
+ f f [F(t, s,f(t),f(s)) - F(t, s,x(t),x(s))]dsdt. (10)
to to

s (10), B cuay ycaoBmii TAaAKOCTH, HaAoKeHHBIe Ha f(t,x,u), K(z,t,x,u)u F(t,s,a,b)
IIOAYYMM, UTO

ty
AS(u) = @' (x(t1)) + ' (t1)Dx(t;) — f [H(t, x(6), u(®), Y () — H(t, x(8), u(®), Y ()] dt —
to

ty
- [ B x @@ @)@ de -
to
ty
- f [Hy (£, 2(0), 0(0), Y () — Hye (£, x(0), u(®), % (®))] Ax(t)dt +
to
ty tg ty tg
+.[ JFé(t,s,x(t),x(s))Ax(t) dsdt—f fF,;(t,s,x(t),x(s))Ax(s) dsdt +
to to to to
ty ty 4y
+or(I8x@)ID — [ 0,(Iax@1 Yde+ [ [ o5 (ax(©) + x(@)IDdsde. (1)
to to to
3aeck mTpux (') 4451 BEKTOPOB O3HaYaeT OIepalyio CKaAsIPHOIO IIPOVU3BEASHIIS, a A
MaTpull — TpaHCIOHMpoBaHus, ||a|| HOpMa BekTOpa a = (a4,ay,..,ay) oOlpeieasemas
dopmyaont ||a|l = Xi,le;|, a o(a) ectp BeamumHa Goaee BBICOKOTO IIOpsigKa 4YeM @, T.
e 29, Onpu a — 0.
a
SlcHo, 9TO
t, tp t, ty
f ng(t,s,x(t),x(s)) dsdt = f fFl;(s, t,x(s),x(t)) dsdt.
to to to to

[TosTOMY, €cau IIpeAIIOA0XKIUTD, YTO BEKTOP-PYHKIL P (t) ABASETCA pellleHreM 3aladn

%1

% = —H, (£, x(0), u(®), (1)) + f (Fa(t5,2(0), x(5)) + Fy (5, £, x(5), x(8)) ) ds, (12)
to

(1) = =@ (x(t1)), (13)

72



006 00noii 3a0ate ONMUMAABHOZO ynpasaeHUus ¢ HEMUNoOB6ovIM Kpumepuem Kaiecmaea

To popmyaa npupamenns (11) pyHkMOHaAa KadecTsa (4) IpUMeT BIUA

AS(u) = — f [H(t, x(6), u(6), ¥ () — H(t, x(£), u(t), Y ()] dt + o1 (| Ax(t,)) —

ty t; &

—foz(lle(t)ll )dt+f fo3 (|Ax(t) + Ax(s)||)dsdLt. (14)

to to to
HepeﬁAeM K BI)IBO,Zl,y HeO6XO,Z|,I/IMOI'O YC/IOBI/Iﬂ OIITUMAABHOCTMN.

N3 3agaun Komu (5)-(6) moayumm, 4to

Ax(t) = f £ (. %), 4(0)) - f (v, x(2), u(®))]dr +
to

t[ 7

+ f f[K( 7,5,%(5),u(s)) — K(1,s,x(s),u(s))]ds|dt =
to lto
t

- f [£ (6, 20, 0(®) - £(6x(2), u(®))]de +
to

t[t1

+j f[K(s,T,f(T),ﬁ(T))—K(S,T,x(r),u(r))]ds dr.

ty LT

Orcioga 1mepexoas K HOpMe, IIOCA€ HEKOTOPBIX IIpeoOpa3oBaHMI, IIPUMEHSS AeMMY
I'ponyoaaa-beaamana (cMm., Hanpumep, [4,5]) moaydum

t
1Ax(O)]l < Ly f £ (£, x(@), 7)) - f(t,x(0), u(D))||dr +
to

t[ ¢
+J |K(s, T, x(7), u(7)) — K(s,7,x(7), u(r))||ds | dz|, (15)

to LT
rae L; = const > OHeKOTOpast IOCTOSIHHASL.

ITycteb € [to,t;) IpOM3BOABHASI TOYKA HEIIPephIBHOCTM yIpaBAeHus u(t), & >0
IIPOM3BOABHOE, AOCTAaTOYHO Maloe 4ICAO, Takoe, 4to 6 + & <t;, a v € U IPOU3BOABHBIII
BEKTOP.

CrrentmaapHOe mpupaliieHne AOIyCTUMOro ypasaeHus u(t) onpeaeanm o Gpopmyae

v —u(t), telo,0+¢),

Aug(t) = {0, teT\[0,0 +¢). 10

UYepes Ax.(t) obo3HaumMM crienmalbHOe IIpupaleHne Tpaekropun x(t), oTBedarolree
npupariernio (16) yrpasaenus u(t).
Vs onenxn(15)noayyaem, 9yto

lAx (DI < Lye, tE€ET, (17)
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rae L, = const > OHeKoTOpas IOCTOSHHA.

Yuntesasa popmyay (16) n ontenky (17) ns popmyast npupamienns (14) moaydamm, 94ro
S(u+Au,) —S(u) = —s[H(G, x(0), v,1/)(9))—H(9,x(9),u(9),l/)(9))] + o(¢).

V3 sT0r0 pasaoxenus caesyer

Teopema 1./4s ONTMMAaABHOCTU AOMNYCTUMOTO yhpasaeHuAu(t)s 3sagaue (1)-(4)
Heo0OX0AMMO, YTOOBI HepaBeHCTBO

H(6,x(0),v,9(8)) — H(6,x(8),u(8),¥(6)) < 0(18)
BBITIOAHSIAOCH AAs1 Bcex 0 € [ty t;) mv € U.

Hepasencrso (18) sABasercs anaaorom npuHnumna Makcumyma /A.Cllonrpsaruna aas
paccMaTpuBaeMoil 3ajaqn.

Tenepb IIpOAOAKIUIM 1CCA€A0BaHIIE paCCManI/IBaeMOIZ 3ada4m IIpy HEKOTOPBIX AO0II0A-
HUTEADBHBIX ITPEAITOA0KEHMIX.

ITycte MHOXectBo U BhIIyKAOE, af(t,x,u) u K(7,t,x,u)UMEIOT HelpephIBHbIE
IIPOM3BOAHBIE TAKXKe IO U.

ITpu caeaaHHBIX ITpeaTIoA0KeHUAX popMyaa npuparenns (14) pyHKIMOHaa KauecTsa
(4) MoxeT OBITH TPeACTaBAEHO B BUAe

ty

AS(u) = — j Hy (8, x(8), u(t), Y () Au(t) dt + oy (I1Ax () —
to
ty

- f o3 ([1Ax(Dl + llAu(@) [Ddt. (19)

to

ITo anazormu ¢ 40Ka3aTeabCTBOM HepaBeHCTBa (15) A4oKa3biBaeTcs, 94To

t
1A%, (O] < Ls f 05 lAu(®)|ldx, 20)

to
rae Ly = const > OHeKOTOpast IIOCTOSIHHASL.

B cnay BeIITyKAOCTM MHOXecTBa U, criena/AbHOe IpupallieHne AOIyCTUMOIO yIIpaBae-
Hust u(t) MOKHO OIlpeAeAnTs 110 Gpopmyae

Ay, (t) = plv(t) —u(®)], (21)
rae u € [0,1] — mponsBoabHOe 4ncao, a v(t) — IPOU3BOABHOE AOIYCTUMOE YIIpaBAeHe.

[Tyctsb Ax, (t) cnennaapHOe MpupanieHue Tpaekropun x(t), oTedarolee pupameHno
(21) ynpasaenns u(t).

Toraa u3 ouenkn (20) caeayet, uto
[ax, (|| < Lsw,  te€T, (22)

rae L4_ = const > OHeKOTOpa}I ITIOCTOsIHHAs.
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IIpunnumas Bo BHMMaHMe popmyay (21) n onenky (22), us (19) nmoaydum crpaseaan-
BOCTb pa3A0>KeHIsI

ty

S+l =) = 50 =~ [ (630 u@pO) @O ~u@) de 0. (23)

to
N3 pasaoxenns (23) caeayer

Teopema 2. Ecan mHOXecTBO U BBINIYKAO, a f(t,x,u) u K(7,t,X,u) MMEIOT TaKKe IO U
HeIIpepBIBHBIe IPOV3BOAHbIE, TO A ONTUMAABHOCTY AOIYCTIMOTO yIIpaBaeHns u(t)s 3asa-
ge (1)-(4) HeoOx0AMMO, 4TOOBI HEpaBEHCTBO

ty

f Hy, (6, (), u(@®), p (@) (w®) —u(t))dt <0 (24)

to
BBIIIOAHSAA0CH Aas1 Bcex v(t) € U,t € T.

Ycaosue ontuMaapHOCTH (24) ABASETCS aHAAOTOM AMHEapU30BaHHOIO MHTErpaabHOIO
NpuHUMIIa Makcumyma. V3 Heromcrnoab3ys HpOM3BOABHOCTb JAOIYCTMMOIO YIpaBae-
HIUAV(t)MOXKHO MOAYYIUTHh IIOTOYEYHOe AMHeapU30BaHHOe HeOOXOAVMOE yCAOBUE ONTH-
MaabHOCTU (AU PepeHITMaAbHBIN TPUHINIT MaKcuMyMal2]).
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PE3IOME

PaccmaTtpuBaeTcss 3ajada ONTUMMAJALHOIO VIIpaBA€HNs, OIMChIBaeMasl CUCTeMON pPa3HOCTHBIX ypaBHEHMII
BoabTeppa ¢ HeA0KaabHBIMU KpaeBbIMU ycAOBUAMUL. [Ipy IIpeArioaoskeHny BBITYKAOCTH, MHOXEeCTBa AOITYCTUMBIX
CKOPOCTel! paccMaTpMBaeMOJ CHCTEMBI YpaBHEHMIT BBIYNCAEHa CIIelaabHas popMyaa IpuparieHns GyHKIIMOHaAa
kayectpa. [loaydennas ¢popmyaa mpupalieHns o3BoAnAa MOAyIUTh HeOOXOAMMOe YCAOBIMe ONTUMMAaABHOCTH THUIIA
AVICKPETHOTO TIpMHIINITA MaKCHMyMa HOCAIINI I100aABHBIN XapakTep. B caydae BBITyKAOCTV 0DAacTy yIIpaBAEHNS
AOKa3aH aHaA0T AVICKPETHOTO AMHEeap/30BaHHOTO IMPUHIMIIA MaKCUMYyMa, UMEIOIINI KOHCTPYKTUBHBIN XapaKTep.

KaroueBple ca10Ba: HeA0KaAbHas 3aJada ONTHMaABHOTO yIIpaBAeH:s, PYHKIIMOHAA KadecTsa, PyHKIVs [aMuan-
ToHa-IIoHTpsArMHa, IPMHLMII MaKCMMyMa, pa3HOCTHOe ypasHeHMne BoabTeppa, AVICKpeTHBI IIPUMHLIMII MaKCUMyMa,
AVHeapU30BaHHBI IPUHIIUIT MaKCUMyMa, He0OX0AIMOe YCAOBIe OIITMMAaAbHOCTI.

NECESSARY OPTIMALITY CONDITIONS IN ONE OPTIMAL CONTROL PROBLEM DESCRIBED
OF VOLTERRA DIFERENCE EQUATION
ABSTRACT

The problem of optimal control described by Volterra system of difference equations with non-local boundary
conditions is described.

Assuming the convexity, of the set of allowable velocities of the system of equations ,under the consideration a
special increment of the quality functional was computed.The obtained increment formulaallouwed, to formulate the
necessary optimality condition of the discrete maximum principle type having global character .In case of convexity of
control domain analogue of linearized principle of maximum principle is proved having constructive character,
necessary optimality condition.

Keywords:non-local boundary condition, difference equations Volterra, discrete principle of maximum, analogue
linearization maximum principle , necessary optimality condition.
VOLTERRA FORQ TONLIKLOR SISTEMI iLO TOSVIR OLUNAN BiR LOKAL OLMAYAN OPTIMAL
IDARSETMO MOASOLOSINDO OPTIMALLIQ UCUN ZORURI SORTLOR
XULASO

Lokal olmayan sarhad sortli Volterra forq tenliklar sistemi il tosvir olunan optimal idareetma masalesine baxilir.
Baxilan tenliklar sisteminin miimkiin siiratlor ¢coxlugunun gabariq olmasi serti ilo keyfiyyet funksionalmmn xiisusi
artimu hesablanmisdir. Alinmug artim diisturu optimalliq iigiin global xarakter dasiyan diskret maksimum prinsipi tipli
zoruri sort almaga imkan vermisdir. Idare oblasti qabariq olan halda diskret xottilogdirilmis makaimum prinsipinin
konstruktiv xarakter dastyan analoqu isbat edilmisdir.

Acar sozlor: Lokal olmayanm asals, Volterra tip ferq tenliyi, diskret maksimum prinsipi, xattilosdirilmis
maksimum prinsipi, optimalliq tigiin zaruri sort.

1. Beeagenne.B paGotax [1, 2] Obian usydyeHsl psJ 3ajad ONTUMAAbHOIO YIIpaBAEHN,
OIlVIChIBaeMble OOBIKHOBEHHBIMM Pa3HOCTHBIMU yPaBHEHUAMHU C HeAOKAaAbHBIMM KpaeBhIMU
ycaosuAMN.bbran ycraHoBAeHsI psj HEOOXOAMMBIX YCAOBUIA ONITUMaAbHOCTI.
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006 00noii 3a0ate ONMUMAABHOZO ynpasaeHUus ¢ HEMUNoOB6ovIM Kpumepuem Kaiecmaea

B npeaaaraemoiir pabote paccmaTpuBaeTcsl HeAOKaAbHasl 3ajada ONTMMAaAbHOTO yIIpaB-
A€HNs, OIVChIBaeMasl CUCTEeMOVHEeAMHEeVHBIX pPa3HOCTHBIX YypaBHeHUi Boasreppa.llpu
Pa3AMYHBIX TPEANIOAOKEHNAX YCTaHOBAEH Psij HEOOXOAUMBIX YCAOBUI OIITMMAAbHOCTI.

2. INocranoska 3agaun. Ilycts T = {to,ty + 1,t; — 1} —3a4aHHBII «AVICKPETHBIII OTpe-
30Kk», U € R" — 3agaHHOe HeIyCToe U OrpaHIIeHHOe MHOXECTBO.

[Ipeannoao>Xmm, 4TO yHpaBAseMbll AVCKPeTHBIIIPOIIECC OIMCHIBAETCSI CUCTEMOI pas-
HOCTHBIX YpaBHeHUI1 Tuila BoarTeppa

X(t+ 1) = A(©)x(E) + f (&, u(®)) + z [B(t,D)x(0) + g(t. 7, u(D)] t €T, (1)

=ty
C KpaeBLIMI/I YC/IOBI/IﬂMI/I
Lox(to) + le(tl) = l (2)

3aecpA(t), B(t, T)— 3agaHHbIe n-MepHbIe BeKTOp-PyHKINM, Ly, L1 — 3a4aHHBIe (N X n)Ioc-
TOSIHHBIE MaTpUIibL,l —3a4aHHBI TTOCTOsIHHBIA BekTop, f(t,u)(g(t, 7, u)) —3aaannas Herrpe-
phiBHasI 110 U U AuckpetHast 110 t( (¢, T))n-MepHas BekTop-pyHKIs, u(t) —F — MEpPHbII AUCK-
PETHBIVBEKTOP YIPaBASIONINX BO3AEVICTBUI, YAOBAETBOPSIOIINII OrpaHNYeHNIO(A0ITyCTH-
MoOe yIIpaBAeHue)

u(t) =UcCR",teT.(3)

Ha pemennsix kpaesoit 3agaun (1)-(2), mOpo>KA€HHbBIX BCeBO3MOKHBIMU AOITYCTUMBIMM
yIIpaBAeHMAMMI OIIpeAeAuM (PyHKIIMOHaA

S@) = ¢(x(to), x(t1)). (4)
3aeco ¢(a, b) — 3aganHas HerrpepbIBHO AuddepeHIIpyeMast CKaasspHast PyHKIIV.

3ajaua 3aKA049aeTCs B HAXOXKAEHMM MMHMMAABHOTO 3HaueHMs QyHKIMOHaAa (4) mpu
orpanndenusx (1)-(3).

Jomyctumoe yrnpasaeHneu(t),A0CTaBAsIIONIee MIUHNMMaAbHOe 3HauyeHUe (PyHKIVOHAAY
(4) mpu orpannuenusx (1) — (3)HaszoBeM ONTMMaABHBIM yIIpaBA€HIEM, a COOTBETCTBYIOIIIA
npouecc(u(t), x(t)) — ONTMMAaAbHBIM IIPOLIECCOM.

Ieapio paboOTHI sABASIETCS BBHIBOJ HEOOXOAUMMBIX YCAOBMII ONTMMAaAbHOCTU B paccMmaT-
puBaemor 3asayve.

3. ®opmyaa npupameHns QyHKIMOHAala KadecTsa M He0OOXOAMMOe yCAOBHe OI-
THMMAaAbHOCTHU THIIA AVCKPETHOTO NPUHIINIIA MaKCYMYyMa. HyCTb(u(t), x(t)) — ¢uKcupo-
BaHHBI, a(ﬁ(t) = u(t) + Au(t), x(t) = Ax(¢t) + x(t)) — IIPOM3BOABHBIV AOIYCTUMBIE ITPOLIECCHI.

Toraa ms xpaesoit 3agaun (1)-(2) moaydaem, urto mpupaiieHneAx(t)OyaeT perleHuem
KpaeBou 3azaun

Ax(t +1) = A®)Ax(8) + f(t, a®) — f(t,u®)) +
t
+ z [B(t, T)Ax(7) + g(t, T,l_l(‘[)) — g(t, T,u(r))] ,(5)

=ty

LoAx(to) + LiAx(t;) = 0.(6)
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ITycts A€ R™u (t) € R™ — 110Ka IpON3BOAbHBIEN-MEPHBIE ITOCTOSHHBIN MBEKTOP (PYHK-
LIVISI COOTBETCTBEHHO.

Toraa u3 coornomennii (5) u (6) moaydaem, 4To

t1-1 t1-1
D W+ = ) YOF(Lao) - f(Lum)] +
t=ty t=to
t,-1T t -1
+ Z Z W' ©[g(tr.am) - g(t.7u@)]| + Z W (DA A(E) +
t,-1 : t
+ Z Z B(t, T)Ax(r)} (7
t=to | 1=to

A,LoAx(to) + }\,Lle(tl) = 0. (8)

Vcnoansys anaaor Gpopmyapi@ydunu (cM. Hampumep, [3, 4]) moayunm, uyto

ti-1[ t ti—-1[t;—1

1D v olsera@) - gtru@)l| = Y | Y v @lg(nta®) - g(ntu®)]|.©

t=t, | 7=t t=t, | T=t

Jlaaee AOKa3bIBAETCSI, YTO
t;—1 t—1
D W OB+ 1) = (6 = DAX(E) + 't — DAx(eo) + ) 9'(¢ = DAx(®) . (10)
t=to t=to

Bseast oDo3naueHue

ti—1

H(Eu(®O9(©) =¥ Of (Lu®) + ) ¥'@g(n 6 u®)
T=t

u yanteiBasg Toxkaectsa (7) - (10),popmyaa npuparreHns QpyHKIMOHala KadecTBarpe-
ACTaBAsIE€TCS B BUA®

AS(u) = S@) — Sw) = [p(x(to), x(t1)) — @(x(to), x(t1))] + X' LoAx(ty) + X' L Ax(t,) +

-1
Y6~ DAXE) — ' (G = DA(E0) = ) P (DA -
t=t,
t1-1 t;—1 t1-1
— Z Z W' (DB (T, Ax(E) — Z [H(t, 7(t), p(®) — H(t,u(®), p(®)] +
t=to, 1=t t=t,
t1-1
+ Z W' (£ — 1)Ax(6) . (11)
t=t,

s popmyast npupamenns (11),mucrioansys ¢popmyay Teiraopa nmoaydum

09" (x(ty), x(t1)) 29’ (x(to), x(t1))
B da db

Ax(t1) + o2 (lAx(E)I) +

S(w) Ax(to) +
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t;—1
+A'LoAx(ty) + AL Ax(ty) + ' (t; — DAx(ty) — ¢’ (ty — 1DAx(ty) + Z Y'(t —1)Ax(t) —
t;—1 t;-1t;-1 -
= ) WOAOMD - ) ) P @BEOMED -
- o
- Z [H(t,a(®), p(®) — H(t, u(®),p(®)]. (12)
t=t,

ITpearioaoxum, 9To BeKTOpP-PYHKUMA P(t) M IOCTOSHHEBIN BEKTOP A yAOBAETBOPSIOT
COOTHOIIIEHVSIM

t;—1

Y -1 = AOPO + Y B @R, 13)
=t

Y (t1—1)=- a‘/),(x(taoz,x(tl))

00" (x(t), x(t1))
- da

— LA,

Y (-1 + L'\ (14)

Coornomenns (13), (14) HazoBeM cOIpPs>KEHHOV CUCTEMOI pacCMaTpUBaeMON 3ajaull.

Toraa ¢popmyaa npupamienns (12) Kpurepus KadecTsa IPUMeET BIUA

t;-1

AS(u) = — Z [H(t, u@®), p(®) — H(t, u(®), p(©))] + 01 (I1Ax(tx)I) + 02 (1 Ax(t)I]). (15)
t=to

BBe,ZI,eM B pacCMOTp€eHNE MHO>KECTBO

t t
ft,U)+ Z g, t,U) = {a: a= f(t,v(t)) + Z g, t,v(r)),v(r)EU, T € T}.(16)

T=tq T=tg

ITpeanoaoxum, uro MHOXecTBO (16) pu Beex (t,T) BbIIyKAOe, a € € [0,1] mponssoas-
HOE YICAO.

UYepes v(t, ) 0003HaAUYMM IPONU3BOABHOE AOITYCTUMOE YIIpaBA€HIe, TAKOe, 9YTO

t1
x(t+1,8) = A®)x(t, &) + f(t,ult, &) + Z [B(t, Dx(z,€) + g(t, T u(T, )] =

T=tg

ty ty
=1-¢ [f(t,u(t, s)) + Z g(t, 7,u(T, s)) +A(t)x(t, &) + z B(t,t)x(t,&)| +
T=tg T=tp
ty ty
+e|f(Lv®) + ) g(tnv®) + 4Dt + ) B, e)] (17)
T=t, =ty

X(to, S) = xOJ (18)
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rae v(t) € U,t € T mpon3BoAbHOe AOIYCTUMOE yIIpaBAeHIe.

IToaoxxnum

_0x(t,€)
ICE

y(t,x)

£=0
YuuteiBas ycA0BUA T1aAKOCTH, HaaoxeHHbIe Ha f(t,u) u g(t,7,u), a Takke (17) u (18),
AOKa3bIBaeTcs CIIpaBeAAMBOCTh Pa3A0KeHIs
Ax(t,e) = x(t, &) —x(t) = ey(t) + o(e), (19)
raey(t) sBAsI€TCs pellleHreM aHaA0Ta YpaBHEeHNs B Bapyanysix [5, 6]
t1

y(t+1) =A@ y(t) + Z Bt,D)y(@ + [f(t.v(®) — fF(tu®)] +

T=t,

+ Z [9(t. 7 v(@®) — g(t, 7. u@®)],

Loy(ty) + Lyy(t;) = 0.
Yunresasa popmyay (19) B popmyae npupamenns (15) mpuxoaum K pazA0>KeHNIO
t1—1
S(ut ) = s(u®) = Z [H(t, v(®), p(©) — H(t,u(®), p(®)] + 0(e).
t=to

M3 IIOAYY€HHOI'O pa3A0>KeHN CAeAYET CIIpaBeAAMNBOCTDb YTBEPIKAECHNSI

Teopema 1.Ecam mHOXecTBO (16) BBIIYKAO, TO A4 ONTUMAABHOCTU AOIYCTUMOTO
yrpasaeHns u(t)B paccMaTpuBaeMoli 3agade He0OX0AMMO, YTOOBI HEPAaBEHCTBO
t;-1

Z [H(t, v(®), p(©)) — H(t,u(®), p(®)] < 0 (20)

t=t0
BBITIOAHSA0CH A4s1 Bcex v(t) € U,t € T.

Hepasencrso (20) sABAsieTcsl aHaA0rOM AVICKPETHOTO NpPpMHIIMIIA MakcuMyMmalb, 6] aas:
paccMaTpuBaeMon 3aJa4n.

/lMHeapM30BaHHBINI NPUHIOWUII MakcuMmyMa. [Ipearoaokmm, 49to MHOXecTtBo U
BBIITYKAO€, a BeKTop-pyHKIun f(t,u) u g(t, T, u)MMeIOT HeIIpephIBHbIE IIPOM3BOAHBIE TAKXKe
nou. Toraa us ¢popmyas npuparrenus (15) npumensiss popmyay Teitaopa, moaydaem, 94To

t1-1 t1—1

AS(u) = — Z Hyy (&, u(®), () du(t) + oy (1Ax ()1 + 0 (1Ax () — Z oz(llAu(t )IN.(21)

t=to t=to

Ilycts € € [0,1] IIpOU3BOABHOE 41ca0, a v(t) € U,t € T Npon3BOABHOE AOIYCTUMOE YII-
pasaenne. Toraa crienimaabpHOe IpupalnieHne AOIyCTUMOTO yrapaaeHus u(t ) MOXHO OIl-
peAeauts 1o popmyae

Au(t) = g[v(t) —u(t)]. (22)

UepesAx (t) obo3HauMM crielnalbHOe IpUpalleHne Tpaekropum x(t), oTBedarolree
npuparrennio (22) yrpasaenus u(t).
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SIcHO, uTO Ax(t) sIBAsIeTCs pellleHreM AVHeap30BaHHON CHCTEMBI

Ax.(t + 1) = ADAx () + ef, (£, u(®) (v(©) —u@®)) + Z B(t,7)Ax.(t) +

=ty

ty
+e Z [9:(t 7. v(@) (v(2) — u(®)) + o4 (llAult )ID], (23)

=ty
LoAx,(to) + LAx.(t;) = 0.(24)

Vcrioapsyst AuHeapm3oBaHHYIO 3ajady (23)-(24) a0Ka3bIBaeTCs CIIPaBeAANBOCTh Pas3ao-

JKeHIT

Ax.(t) = €l(t) + o(g; t). (25)

3aecs [(t) siBAsIeTCsI pellleHneM KpaeBoil 3a4aun

ty
I(t+1) =A®)IE) + Z [gu(t, T, v(‘r))(v(r) - u(r)) + B(t, T)l(t)],

T=t,
Lol(ty) + Lyl(ty) = 0.
YunTsiBas pasaoxenne (25) us popmyasl npupaiienus (21) 6yaem nmeTs
-1
S(u+ Au,) — S(u) = —¢ Z H, (t,u(), (@) (v(©) — u(®)) + o(e).
t=to
/3 moayyeHHOro pa3A0>KeHUs cAedyeT

Teopema 2. Ecan mHOXecTBO U BBIITyKA0€, TO 4451 ONITUMAABHOCTU AOITyCTUMOTO yIIpaB-

2eHus U(t)HeoOXOANMO, YTOOBI HEPABEHCTBO

10.
11.

t1—1
> Hy(6u®,$®)(v(©) - u(®) < 0 26)
t=to

BBIIIOAHSAO0CH A4 Bcex v(t) € U,t € T.

Hepasencrso (26) sBAs1€TCS aHAA0TOM AMHEAPU30BaHHOIO YCAOBIS MaKCUMyMa.
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PROBLEMS OF OPTIMAL CONTROL DESCRIBED BY EQUATIONS
OF PARABOLIC TYPE (NON-CLASSICAL BOUNDARY CONDITIONS)

HUSEYNOVA AYGUN NAZIM K.
Azerbaijan State and Oil University
hasanova_a@inbox.ru
ABSTRACT

This paper deals with the process described by the equation of thermal conductivity with a non-classical
boundary condition. First, controllability for the equation of thermal conductivity with non-classical boundary
conditions has been studied [1]. The theories of controllability and observability for ordinary dynamical systems
have been sufficiently studied. The necessary and sufficient controllability conditions for a linear system are
expressed through the fundamental matrix of the conjugate system [2]. The concept and definition of the
controllability of the system described by partial differential equations requires expansion. This extension
depends on the problem at hand.

Keywords: non-classical boundary conditions, optimal control, thermal conductivity, parabolic type
equations.

3AAAYN OIITUMAZBHOTI O YITPABAEHWSI, OIIVICBIBAEMBIE YPABHEHMSIMU
ITAPABOZINMYECKOT O TUITA (HEKZAACCHMYECKINE I'PAHUYHBIE YCAOBIIA)

PE3IOME

B sannoit paboTe paccmaTpuBaeTcs IpoLiecc, OIMChIBaeMblil ypaBHeHIeM TeIlA0IPOBOAHOCTI C HeKAacCu-
YeCK/M TPaHMYHBIM yCAOBUeM. Bo-IiepBrix, nccaesoBaHa ynpasaseMOCTh 4451 yPaBHEHUs TEILAOIPOBOAHOCTH C
HEeKJaCCUYeCKVMY TIpaHUYHBIMK  ycaosusamu [1]. Teopum ympasasgemoct u HabA104aeMOCTM  OOBIYHBIX
AVHAMIYECKVIX CUCTeM JOCTaTOYHO M3ydeHsl. HeobxoamMble 1 4OCTaTOYHbIE YCAOBUS YIIPaBAAeMOCTH AMHEeHOM
CHICTEMBI BRIpaXkaloTCsl yepes PyHAaMeHTaAbHYIO MaTpUILy COIPsIKeHHOI cucteMsl [2]. [ToHATIE U OnIpeseaeHe
YIPaBASA€MOCTH CHCTeMBI, ONMCLIBAEMON ypaBHEHMAMU B YaCTHBIX ITPOMU3BOAHEIX, TpeOyIOT pacimupeHus. DTo
pacIupenne 3aBUCUT OT pertaeMoi MpoOAeMBEl.

Karouesble caoBa: HeKaaccdecKre IrpaHIMYHbIe YCAOBMsI, ONITMMAaAbHOE yIIpaBAeHNe, TeIA0IpoBoa-
HOCTb, ypaBHeHMsI I1apab0AMIecKoro THUIa.

PARABOLIK TiP TONLIKLOR iLO TOSVIR EDILON OPTIMAL iDARS PROBLEMLORI (QEYRI-
KLASSIK SORHOD SORTLORI)

XULASO

Bu yazida biz geyri-klassik sarhad serti ils istilik tenliyi ilo tosvir edilen prosesi nezarden kegiririk. ©vvalca
qeyri-klassik sarhad sortlori ile istilik tenliyi iiglin idarsolunma qabiliyyati Oyrenilmisdir [1]. Adi dinamik
sistemlorin idare oluna bilmesi ve miisahide oluna bilmasi nazeriyysleri kifayst qoder Oyrenilmisdir. Xatti
sistemin idara oluna bilmasi ti¢lin zaruri vo kafi sartlor birlagan sistemin asas matrisi ils ifads edilir [2]. Qisman
diferensial tonliklarls tosvir edilan sistemin idara oluna bilmasi anlayis1 va terifi genislonms tolab edir. Bu uzant:
hall olunan problemdan asilidir.

Acar sozlar: geyri-klassik sarhad sartlari, optimal idaraetms, istilik keciriciliyi, parabolik tipli tanliklar.

Introduction. Let the control object in the area DT = {(X, t), O0<x<l0<t<T } be
described by the equation

oy 0%y )
— =——+uilx,t) nD
at ax2 ( ) T (1)

82


https://www.google.com/url?esrc=s&q=&rct=j&sa=U&url=https://translate.google.com/%3Fhl%3Dru&ved=2ahUKEwiC3-7EwJD4AhXJR_EDHblEBCYQFnoECAIQAg&usg=AOvVaw3zpGLf7mjQ8vX-CrmIPVy5
https://www.google.com/url?esrc=s&q=&rct=j&sa=U&url=https://translate.google.com/%3Fhl%3Dru&ved=2ahUKEwiC3-7EwJD4AhXJR_EDHblEBCYQFnoECAIQAg&usg=AOvVaw3zpGLf7mjQ8vX-CrmIPVy5

Problems of Optimal Control Described by Equations of Parabolic Type

with boundary conditions

y(0,t)=0, y,(0,t)=y,(Lt), te[0,T]

2)
and with first conditions
0
y(x.0)=y°(x). x[0]]
)

where u(x,t) - density of thermal sources at a point x in time t. There are no restrictions on

control.

Research method.

Unlike the finite-dimensional case, in the infinite-dimensional case, controllability is
defined as follows.

A system whose state is defined as solving problem (1)-(3) is called manageable if the
observation is Cy =Y, (X,t) sweeps the subspace dense in space Wzl’O(DT ), when
controlling U(X,t) runs through the whole space L,(D;). It is proved that the system

whose state is defined as the solution of problem (1)-(3) is manageable.

Further studies the controllability of the system, which is defined as the solution of the

equation
) ) H
—_—=— — [+ Db(x,t D
X(a(x) Xj (X )y in T W

with boundary conditions
y(0.t)=0,y,(0.t)=y,(Lt)
®)
and with first conditions

y(x,0) = u(x)
(6)

Here as a valid control of its u(x) we will consider functions from space L2(0,1).
It is proved that if there is an inverse uniqueness of the problem (4) - (6), and then the

system whose state is defined as the solution of the problem (4) - (6) is manageable. In

addition, the manageability of the task has been proven here

Y2 (a2 )bty in o

7)
y(x,0)=0,0<x<1 ®)

y(0,)=0,y,(0.t)-y,(Lt)=u(t) 0<t<T
9)
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where, u(t) el, (O,T) - control.

Next, the optimal speed control is considered, for the equation of thermal conductivity
with a non-classical boundary condition. The problem of the existence of optimal controls

occupies a fundamental position in the theory of optimal processes and plays an important
role in solving practical problems.

Let the process to be described by a function y(x,t), which is within the region
D; = {(X, t): 0<x<10<t<T }, satisfies the equation
o _0o%y

o +u(x,t) (10)

with initial conditions

y(x,0)=y°(x) (11)
and with boundary conditions

y(0,t)=0,y,(0,t)=y,(Lt) 12

where y° (X)- given function, U(X, t) - control.

Let the class of permissible controls U o convex, closed and limited subset of space
Lz (DT )
The theorem is proved later in this section. The problem (10)-(12) is unambiguously

0l
solvable szybl(D) at peW

2 (0,1), i.e. there is a solution almost everywhere D.

To specify a function (D(X) el, (0,1) in the selected class of valid controls, you need to

specify control U*(X,t) €U, such that the decision corresponding to it y*(x,t) problems
(10) - (12) satisfied the condition

Y (x,75) = p(x) (13)
Here with 7, € (0, T) took the lowest possible value.

The following theorem has been proved in this case. If there is a control U(X,t) eU,.

such that the decision corresponding to it y(x,t) the problem satisfies the condition

y(x,7)=o(x)

For some valuet € (O,T), then there is a control u*(x,t)that is optimal in the sense of
performance, i.e. the corresponding solution y*(x,t) satisfies the condition

y (X, 7y)=p(x), 7, =inf z.

In addition, this section discusses border control.

Additionally this section discusses edge control.
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The process is described by the equation

oy 0%y
= fixt)a
ot ox? " (X )(4)

with conditions
y(x,0) = y,(x) (15)
y(0.t)=0,y,(Lt)-y,(0,t)=u(t) a6

Class of valid controls u(t) e U, convex, bounded, closed subset L, (O,T ) Suppose that
K - is a weakly, closed subset of the space in L, (0,1).

Let there be control u(t) €U, such that the decision corresponding to it y(x,#) problems
(14) - (16) satisfies the condition,

y(x,7)e K for  €(0,T).
Then there is control u(t) € U, optimal in terms of performance.
y'(x,7,)eK, z,=infr
Further studies the relativity of optimal speed control for the controlled process descri-
bed by the thermal conductivity equation with a non-classical boundary condition.

Let the state of the system be defined as the solution of the problem
o'y, ) |

T
0)=
t)=0

(17)

oy
e R
y(x,0)=y,(x), 0< x <1,
y(0.t)=0,y,(0.t)=y,{t) 0<t<T

Where p(x), Yo (X) - are given functions from L, (0,1) for the set of permissible occur-
rences are taken functions U(t) eU, = {U, U(t) el, (O,T ), ‘U(tx <lalmost everywhere}.

For each allowable control U(t) there is only one generalized solution y(x, t) problems

(17), which with the help of the function G(X, S, t) can be represented as
t1
IG X,5,t)Y,(s)ds+ [ [G(x,5,t —o)p(s)u(o)dsdo (18)
00

For a given function ¢(X) from L, (0,1) it is necessary to find a control U™ (t) eU,,
such that the corresponding solution Yy * (X, t) problems (17) satisfied the condition

y*(x,t)=p(x) 19)

Where 7, - the lower face of the value 7 for which the condition is met
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y(x.7)=p(x)
For some solution y(x,t) problems (17) and some 7 € (O,T )
Theorem 1. Let there be control U(t)e U, such that the decision corresponding to it

y(x,t) problem (17) satisfies the condition y(x, Z') = gD(X) for some 7 € (O,T). Then there

is control U™ ('[) €U, optimal control in terms of performance:

y (x,7,)=9(x), 7, =inf ¢
Further proves the relativity of optimal control in terms of speed.
Theorem 2. Let U™ (t) €U, is optimal control in terms of speed. Then
‘U*(tj =1almost everywhere on (0,7, ) . In addition, first-order optimization conditions are

introduced here. The conjugate state is defined as the solution of the problem:

2
2,920 in b,
ot Ox
2(x,7,)=h(x) (20)

z,(1,t)=0,2(0,t)=z(1,t)

The following theorem is proved below:

Theorem 3. Let U™ (t) €U, is optimal control in terms of speed. Then there is a solution

Z(X, '[) of the conjugate problem (17) such that for any U € [0,1] inequality is fulfilled

U Z(X't)P(X)dX](u - u*(t))s 0 almosteverywhereon (0,7,)

0

Then the problem of control with a minimum energy for an object described by the
equation of thermal conductivity with a non-classical boundary condition is studied.

Let the controlled process be described by a function y(x,t) that satisfies the equation

2
Zty P (Z’XBZ/ +u(x,t)in D; (21)

With initial conditions

y(x,0)=y,(x), 0< x <1 (22)

And with boundary conditions
y(0,t)=0,y,@Lt)=y,(0t) (23)

A lot of acceptable controls U, is space L,(D; ).

For each valid control U(X,t) there is only one generalized solution y(x,t) problems
(21)-(23), which with the help of the function G(X, S, t) can be represented as
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y&i%jG&ﬁi”Jﬂk+ﬁG&ﬁi—aﬁ&ahwaQ@

0

For a given function go(X) from L,(0,1) you need to specify the control U* (X, '[) such
that the corresponding solution Yy * (X,t) problems (21)-(23) satisfied the condition

y (x,T)=e(x) (25)

At the same time, the functionality

J —ZIU dt (26)

took the smallest possible value, where

0, 0)= U Y, ()% k=022, )

0

using the solution representation (24), condition (25) can be written as

ﬂGQﬁI—GM@GMwaszh%)

where
1

w(x)=(x)= [ G(x5,T)y,(s)ds

0

Expanding the function w(x) into a biorthogonal series in terms of the system of eigen
functions and associated functions from (28), we obtain,

ju )t =y,

2 29
uzk-l(t)e_a ik(T_t)dt=l//2k_1, k=12,.. (29)

(U (6) - 2% 2 (T =ty (O =TVt =y, , k =12,...

Thus, it is required to find the control

u(xt)=3u, (X, (x)

k=0

O —— = O —

Such that the sequence u, (0} satisfies the infinite system of equations (29), while the
functional

3= [u?(tt

k=0

O

took the smallest possible value.

Further, the optimal control is explicitly defined. in addition, boundary control is
studied here.

Let the state of the system be defined as a solution to the problem
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0<x<1, (30)
) -y (0,t)=u(t),0<t<T

In this case, the control u(t) is found from the solution of the equation

H{a (18T ~1)=5 G (xsT _t)}u(t)det:W(X) -

Discussion of research work and its results.

And in the end, the problem of control with minimum energy for an object described by
the equation of heat propagation in a rectangular plate is studied. This problem is reduced to
the solution of the equation

With initial condition

0
Z(X1 y,O) =1 (X’ y) (32)
And with boundary conditions

2(0,y,t)=0,2,(0,y,t)=z,(1, y,t)}
2(x,0,t)=0, z,(x,0,t)=z,(xLt) (33)

It is required to define a control u(x,y,t) in an admissible class, such that the solution

corresponding to it Z(x,y,t) satisfies the condition

z(x,y,T)=p(x,y) (34)

While the functionality

took the smallest possible value.
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PE3IOME

B aamnoir 3abore ycranosaena (ppeAroaMOBOCTh OJAHONM HeAOKabHOM KpaeBoOil 3ajaull A4s oOllepaTopa
/lamaacac TIOMOIITBIO HEOOXOAMMBIX YCAOBUI, KOTOPBIM JO/AKHBEI YAOBAETBOPAT PeIeHNs. .

Karouessie caoBa. KpaeBa}I 3aza4a, HeA0KaAbHasl, orepaTop /lariaaca, HeoOXoAMIMEIE YCAOBUSL.
LAPLAS OPERATORU UCUN BiRQEYRI-LOKAL SORHOD MOSOLOSi
XULASO

Mbaqalade misaasrin 104aMsIAM 0AAYBY 3SIPYPV IIAPTAAPUH KIOMAVM nAsA /laraacoriepaTopy ITIIfH
IOy AMYIII OMp Telipyu-10KaA CAPMISAA MIACAASICUHIH MISIAAVHVH (peAloaMayby SI0CTAPUAMUIIANP.

Acar sozlar. Serhad masalasi, qeyri-lokal, Laplas operatoru, zaruri sertlor.
ONE NON-LOKAL BOUNDARY PROBLEMFOR LAPLASIAN OPERATOR
ABSTRACT

In the paper proved fredgholmarity of one non-lokal boundary problem for Laplasian operator with the
help of necessary conditions.

Keywords. Boundary value problem, non-lokal, Laplasian operator, necessary conditions.

Paccmampueaemcsa caredytouas HEAOKAAbHAA Kpaeeas 3a0ada 0Asl onepamopa

/larmaaca:
AU(x,y)=U,, +U, =0,(x,y)eD,1)

a,U(r,z)+a,U0,2)+a, U (7,2)+a,U (0,2) +

+ 0, [ Ky (2, EU(m, E)dE +a, [ K (2, U0, E)dE +

+ 0, [K 5 (20U, (7,)dE+a, [ K, (2,U,(0,9)dé = f,(2),
BU(z7)+ B, U(2,0)+ BLU, (z,7)+ B,U,(2,0) +

+ B [ K5 (2, U m)E +P [ K 15 (2, NU(E0)dE + @)

+8, jK_,7 (28U, (&, m)dE + j K (2,6)U,(z,8)dE = p,(2),2€(0,7), j =1;2,
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Pamus Axmedos

rae ;. B, (j=1, / =1,8) — nocrosunse, D = {(x, y)|0 <x,y< 72'}.

VsBecTHO, uTO (PyHAaMeHTaAbHOE pellleHne onepaTopa /araca nmeet Bug, [1]:

1
V(s—t)zzﬂ —t,s =(x,y),t=(¢,,t,).

IIpeobpasys1 cooTHOIIeHMe

J-AU(x, YW(s—t)ds=0,s=(x,y),t=(¢,t,)

C IIOMOIIIBIO BTOpOI1 popMyasl I'prHa, ¢ yaeToM cBOIICTB PyHAaMEHTAABLHOTO pellleHNs],
IOAYYNIM:

'[U V(s —t)cos(v, x)ds — IUX V(s —t)cos(v, x)ds —
- .[Uy V(s —1)cos(v, y)ds + IU v, (s —)cos(v, y)ds =

Ult)teD,

—U(t).t edD, (3)

0,t¢ D,
rae yepe3 0D obo3HavyeHa rpaHmiia KBagpara D, a Vv — eCTh BHEIIHsIsI HOpMaAb K IPaHULIe
aD[2).

Omnpegeaenne. Kaaccmyecknm pemennem ypasHenus (1) B D HasbiBaeTcs A100as1 PyHK-
s U(x, y) € C*(D)NC'(D), xotopast pu MOCTaHOBKe B ypaBHeHIte 0GpaIiiaeT ero B TOX-

AE€CTBO.

Bsraeaus cayugaii t € 0D B paseHcTBe (3), C yIeTOM CBONCTB (PyHAAMEHTAABHOTO pellle-
H1Ls1, OyAeM UMeThb cAeaylolliee pa3A0KeHne 4451 peIeHns:

Ut =5 [U, Goyinfir =) + (=) +

Tt

~dy +
(T=1)) +(r-1,)’

+$va(o,y>1n[tf +(y—r2>2]dy+%j Ui y)

L jU(o y) y—%]zUy(x,ﬂ)ln[(x—tl)z +(m—t,) P+
7[0

( —f)
T—t,

dx +
(x_tl)z +(7Z'_t2)2

+iIUy<x,0>ln[(x—rl>2 +r£]dx+ﬂU<x,ﬂ>

1% t
+— U0 ——2——dx,(t,,t,) e D. (4)
7[;[ (x—t1)2+t22 v
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Kax caeayet u3 (4), 4To05I onpedeants perteHne 3agaun (1)-(2), Mbl 40A>KHBI 3HATD BCe
Te TpaHMYHBIEe 3HAYeHUs, KOTOpble BXOAAT B 9TO pasAoykeHue. DTN I'paHUYHbIe 3HAUYeHU:
MOIYT OBITh OIIpeAeAeHbl U3 ITPaHNYHbIX YCAOBUIA (2) U 113 HEOOXOAMMBIX YCAOBUIL, KOTOPBIM
AO/ZXKHBI YAOBAETBOPATH pellleHNsl omnepaTopa /larmaaca, ornpejeaeHHble Ha KBagparte D.
Pazao>xenue (4) coaep>XUT cAeAyIOlIyie BOCeMb IPaHMYHBIX 3HAYeHUIA:

U(tla()): U(”a ZL2 )’ U(tl 5”)5 U(Oa 12 )’ Uy (11,0), Ux (72.9 t2)5 Uy (tla 72-)5 Ux(()’lz) .

I'pannunsle ycaosus (2) cogepskKaT yeThIpe COOTHOIIIEHUI, KOTOpbIe CBsI3aHbl STUMMU I'pa-
HIYHBIMU 3HadeHMAMU. OcTaabHble YeThIpe YCAOBUS MBI AOAXKHBI OIIpeAeANTh C IOMOIIBIO
HEOOXOAVIMBIX YCAOBUIA.

Ilycte O = 0(0;0),M = M (7;0), N = N(rx;r), P = P(0;7). Toraa mpu
t € MN,t € NP,t € PO,t € OM MBI HOAYyYUM COOTHOIIEHUSI A4S TPAHUYHBIX 3HAaUEHNI
U(x,y).

ITpu t € MN, T.e. ecan ¢, =z, TOAYIUM:
Utrty) = —[U, () nly—tldy+ =~ [U, 0.z +(y=1)* fy+
0 0

175 7T 1 G 5 5
+;_([U(O,y)mdy—Z_([Uy(x,ﬂ)ln[(ﬁ—x) +(r—1,) i+
T—t,
x +
(72'—x)2+(7z—tz)2

+i]§Uy(x,O)ln[(7r—x)2 +t22}flx+%IU(x’”)

17 t
+—|U(x,00——2——dx,t, € (0,7) ; (5)
7['([ )(71'_35)2"'1‘22 ’

aecan t € PN, 1.e. t, =, MBI OyaeM UMeTE:
1 V4
Ut my=— - [U. o)l —0) + (- hy+
0

7 dy +
Tt + (-2

1 T s 5 17[

+Z£Ux<o,y)1n[t1 Hy-7) }ty+;£U<n,y>
17 t 1%

+— U0, y)) ——dy+—|U (x,0)ln|(x —1,)*> + 7° {x —
7?! L+ (y-n)? 27[! ’ o= k

T

2

dx.t, €(0,7); (6)
(x—t) +7

175 175
——JUy(xﬂ)M|x—tl|dx+—.[U(x,O)
7T 7T
npu t € OP, 1.e. t, =0, mmeem:

U(O,tz)z—%]zUx(ﬂ,y)]n[ﬂz +(y—t2)2]:ly+
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17 z 1
—|U.(0,y)In|y —¢,|d Uz, y)————dy—
e Juonmy - U

1% | ™ 2
_Z_([Uy(x,ﬂ)ln[xz +(ﬁ_t2)2}lx+Z£Uy(X,O)]n[x2+t2 h""‘

—IU(x T)— Sdx +— IU(xO) ——dx,t, €(0,7);(7)

x° +(7r t,)’ x° +t2

upu t € OM, t.e. t, =0, MBI HOAYIUM:
1 V4
U(t,.0) :—g.[Ux(ﬂ,y)ln[(ﬂ—tl)z vy
0

1” 2 2 17[ ﬂ_tl
+— U _(0,y)Inft,” + +—|U(r,y) ———————dy+
2ﬂ£ .(0,) [1 y }ly ﬁ! ( y)(”_tl)ery2 ly

1 T
+— U(an) :
7[! 1’

1

2a’y—iIUy(x,ﬂ')]n[(x—tl)2 +7[2]dx+

+ljUy (x,O)h1|x—t1|dx+ljU(x,7z) —dx,t, €(0,7). (8)
% T (x

2
—t,) +nx
MTaK, AAs1 OIIpeAeAeHIs TPaHMYHbIX 3HaUeHUI

U(r,z),U(z,7),U(0,2),U(z,0),U (r,z), U, (z,7),U_(0,z), U, (z,0),

BXOZsIINX B pa3A0>KeHne (4), MBI IMeeM BOCEMb yCAOBI/IIZ.

3ameuanne. I1o400HbIe yCAOBUA MOXKHO HOAYYNUTb U AA5 YACTHBIX MPOMU3BOAHBIX U 1

U ,, ecan paccMOTpeTh COOTHOIIEHIS

[AUGe, )V (s—t)ds = 0,5 = (x, ).t = (8,,1,)

j AUQx,p)V, (s —t)ds = 0,5 = (x, ), = (t,,1,).

Ho, T ycaoBus, B OTAMYMUM OT YCAOBUIL A4Sl TpaHMYHBIX 3HaueHuit U OyayT coaep-
>KaTb CUHIYASIPHOCTD.

ManI/I]'_Iy HOAy‘IGHHOI;I CHCTEMbBI, OTHOCUTEABHO BbIIIE€YKa3aHHbIX HEVM3BECTHBIX, COAEP-
>Kalmyio BOceMb COOTHOIIIeHU, 0003HaYNM qepes A. Toma MBI II0AYy4IUM CUCTEMY:

AW =F(W), (9)
rae

W' =U(r,2),U(z,7),U(0,z),U(z,0),U (r,2),U ,(2,7),U,(0,2),U ,(2,0)),
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e, 0 «a, 0 a, 0 a, O
sz] 0 a22 0 a23 O a24 O
0 A 0 B, 0 B, 0 By
= 0 B, 0 B, 0 By U ’
1 o o o0 o o0 o0 o0
0 1 o o0 o0 0 o0 o0
0 0 1 o o0 o0 0 o0
0o 0 O 1 0o o0 o0 O

F" =(F,F,,.,F).

Ecan 6yaer BoimoaneHo ycaosue det A # 0, o cucrema (9) Moxer ObITh IIpUBEJeHa K HOP-
Ma/AbHOMY BIAY OTHOCUTeABHO W . /lerko 3aMeTuts, 4to BeirtoAHeHne ycaosus det A # 0 pas-

HOCIABHO CAeAYIOIIeMY:

a; 0 a, O

det ay 0 ay 0 £0° (10)
0 By 0 Ay
0 By 0 By

Taknum obpasom, a4 3agaun (1)-(2) aokazana

Teopema. Ecan srimoansiercs ycaosue (10), To kpaesast 3agaua (1)-(2) ppearoarmosa.
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ABSTRACT

In the present paper a new pair of fractional integral operators involving a general class of functions is
introduced and studied. The fractional integral operators introduced and studied in this paper generalize the
fractional integral operators studied by Saxena and Kumbhat [1], Saigo [2], Erdélyi-Kober [3, 4] and Riemann-
Liouville [5]. Fractional integrals involving the Fox's H-function are obtained. Finally, we obtain interesting
special cases of the main results.

Keywords: fractional integral operators,H-function, general class of functions, fractional integrals
FOX-H FUNKSIYALARININ COLB OLUNDUGU KOSRLI INTEQRALLAR
XUSALD

Mogqalads imumi funksiyalar sinfini shate eden kasrli inteqral operatorlarin yeni ciitii teqdim olunur ve
todqiq edilir. Bu maqalada toqdim olunan va tadqiq edilon kesr inteqral operatorlar1 Saxena vo Kumbhat [34],
Saigo [37] terafinden Gyrenilon kesr inteqral operatorlarini timumilesdirir. , Erd’elyi-Kober [1, 14] ve Riemann-
Liouville [4]. Foksun H funksiyasini shato edan kasrli inteqrallar alinir. Nohayat, asas naticelorin maraql xiisusi
hallarin1 alds edirik.

Acar sdzlar: Kasr inteqral operatorlari; H funksiyasi; funksiyalarin timumi sinfi; kasr inteqrallar:.

Introduction. Fractional calculus is a significant topic in mathematical analysis due to its
increasing range of applications. During the past three decades fractional calculus has gained
importance mainly due to its applications in the fields of Science and engineering as a growing
number of works in science and engineering deal with ‘Fractional Order Equations’ which
involve derivatives and integrals of non-integer order. For details one can refer to the
monographs and articles [6, 7, 8, 9, 10, 11, 12, 13, 14]. In the recent years, the Riemann-Liouville
fractional integral operator has gained importance due to its demonstrated applications in
applied sciences, such as fractional reaction, fractional diffusion, stochastic theory and dynamical
system etc.. Several authors including Goyal and Mukherjee [15], Goyal and Goyal [16], Gupta,
Jain and Kumawat [17], Gupta and Gurjar [18, 19], Jain and Pathan [20], Kilbas [8], Kilbas and
Saigo [7], Kilbas, Srivastava and Trujillo [21], Kiryakova [9, 10], Srivastava, Lin and Wang [12],
Srivastava and Saxena [13], Saxena, Mathai and Haubold [14] and Saxena and Pogany [22] have
contributed a lot in the field of fractional calculus. In the present paper fractional integrals
involving the Fox's H-function are obtained.

Now, we give some important definitions.

Definition 1.The Fox's H-function occurring in this paper is defined and represented in the
following manner [23, p. 10, eq. (2.1.1)]:
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HMN[ |(1 )y p _ 1 I¢(8)25d8,(1)

(B]B])]_Q 7Z'i L

Where i = v—1, L is a contour which goes from ¢ — ioo to ¢ + iccand

4(¢)8 = e (B -falls r(1-4 +a¢
Mper T(A=B+B)enes T4 —ae)
For detailed and comprehensive account of the H-function one may refer to the books
written by Kilbas and Saigo [24]; Mathai, Saxena and Haubold [25]; Prudnikov, Brychkov and
Marichev [26] and Srivastava, Gupta and Goyal [23].

-(2)

Definition 2.The author [27] introduced a general of functions defined in the following form
(see also [28, 29, 30, 31]):

Vn(x) = Vnhm,d,gj [p, T, k,w,q, kmy, aj,br,a B,9; x]
nk+dw+q
2’ P lm=1 [k, (d+an+p)” () ,(3)

[(gj)n+aj]l'lr=1 [(@ans+b]
where

@p, k, w, q, B,6, km, a;,b,(m=1,...,t; j=1,...,s; v =1,...,u) are real numbers.

(ii) t, s and u are natural numbers.

(iii) hpp,gj =1 (m =1,...,¢t; j = 1,...,s) and d may be real or complex.

(iv) @ > 0, Re(r) >0, Re(d) > 0, x isa variable and A is an arbitrary constant.

(v) The series on the right hand side of (3) converges absolutely if t <s or t =s with

PG =1

For detail of convergence conditions of the series on the right hand side of (3) one may refer
to the paper [28].

Remark 3.The general class of functions defined by (3) is quite general in nature as it unifies
and extends a number of useful functions such as unified Riemann-Zeta function [32],
generalized hypergeometric function [33], Bessel function [34], Wright's generalized Bessel
function [35], Struve's function [34], Lommel's function [34], generalized Mittag-Leffler function
[36], exponential function, sine function, cosine function and MacRobert'sE-function [33]
etc.(see, e.g.[27, 29]).

Definition 4.Two new fractional integral operators are hereby introduced and defined as
follows:

X
x—H-p-v-1

EP O] = s lt#(x—t)p-lvn[z(l—,—i)] f©)dt)

and

LI = 2 j e1Po=1 (e x)p= 1 [2 (1 - 2)| o), 6)
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where p > 0; u, v € R and V;,(2) is the general class of functions defined by (3)
Special cases of fractional integral operators.

In this section we mention some special cases of the fractional integral operators defined by
(4) and (5).

(i) If we take p=—-2,m=2,j=1r=1, hy =1, h,=v, k1 =0, k, =0, k=1, d =1,
t=1,w=0,q=0, g,={ a,=0,a=1,8=-1,6=1b; =—1 and 1= 1in (4) and (5),
the general class of functions reduces to the Gauss's hypergeometric function [33] and we obtain
in essence the following fractional integral operators:

IO [y RIS (nv: 65 2(1-2)) F0ree 6)
0
and
LoV £ (0)] F(p)j e H e (e =007 F (01 ¢ 2 (1-2)) F©de)

where p > 0; u,v € R and ,F; (z) stands for the Gauss’s hypergeometric function.

(ii) If we take z =1, { = p and v = —1 in (6) and (7), we obtain the following fractional
integral operators introduced by Saxena and Kumbhat [1].

BPFO1 =22 [ 4G =007 o (0,3 o5 1-2) F(D)AE)
and
EPIFO) =70 [ 4P = 0P71 R (nys pi 1-5) F(O)LO)

wherep > 0 and u € R.
(iii) If we take z=0,n=y= (=1 and v=-1 in (6), we obtain the following
classicalErdélyi-Kober|[3, 4]fractional integraloperator:

X

VGIEETS

0

t*(x — )P~ f(t)dt,(10)

wherep > 0 and u € R.

(iv)If wetake z=1,n=p+ ¢, y=—0, {=p, u=0and v=¢e—1 in (6) and (7), we
obtain the following fractional integral operators introduced by Saigo [2]:

I2E[f )] =

X
r(p) ! (=07 oh (P +e—0;p; 1- i) f(®)dt(11)

and

] = j tTPE(t — x)PT F (p+s —0; p; 1——) (t)dt, (12)

r(p)
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where p > 0 and € € R.

(v) If we take € = 0 = —p in (11) and (12), we obtain the following Riemann-Liouville and
Weyl fractional integral operators [5] respectively:

RIFO] =+ )j (x = OPTLF(DdL(13)
and

SIfF©] = j (¢ = x)P72 f(E)dt,(14)

rp

where p > 0.

(vi) If we take p =1, m=1j=2 r=1, h1=1,g1=;,g2=1 t=1k=2w=1, q=

1, k,=0,a,=0,a, =0, bl— ,a=1, B— d=1land A = ()()m(4)and(5)thegeneral

class of functions reduces to the Struve’s function [34, p. 38, eq. 55] and we obtain in essence the
following fractional integral operators:

X
x~H—p—V-1

BPVIFO) = [ o= 0P Ha |2 (1-1)] F©de()
and

0

L) = 1 | R — 2P H |2 (1~ )| F©dt, (16)
where p > 0; u,v € Rand H,;(y) stands for the Struve’s function.

w+v'+3 u'—v'+3
> , 9o = 5 , T=1’k=

2w=u,q=1,k; =0,a,=0,a,=0, y=-1,d=1, a=1, B=-1, §=1 andi =

qu'+1

(vii) f we take p=1, m=1,j=2,r=1,h; =1, g, =

— ——— in (4) and (5), the general class of functions reduces to the Lommel’s function
w+v'+1)(u'-v'+1)

[34, p. 40, eq. 69] and we obtain in essence the following fractional integral operators:

x—H-p-v-1

I“PPIF(0)] = — j(. th(x — t)ﬂ‘{gﬂ,}yr [z (1 - é)] f(t)dt(17)
0
and

1OV [£(5)] = j EHP A (= )P s, [2 (1= 2)] F (0, (1)

F(p)

where p > 0; p,v € R and s, 7 (¥) stands for the Lommel’s function.

(viii) If we take p=—-2, m=1,j=1,r=1,h;=h, go=9, 7=1Lk=1w=0, =0,

ki=0,a,=0,b;=-1, f=-1,=1 and 1= % in (4) and (5), the general class of

functions reduces to the generalized Mittag-Leffler function studied by Salim [36] and we obtain
in essence the following fractional integral operators:
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X
x—H—p-v-1

v ) = f t (e — 0P ERd [2 (1 - 5)| F(0)de(19)

LNOIE j e (e = )P By [2(1- 7)) F(©dt, 20)

F(p)

wherep > 0; u,v € Rand E Z:g (y) stands for the generalized Mittag-Leffler function.

If we take g =1 in (19) and (20), the generalized Mittag-Leffler function reduces to the
generalized Mittag-Leffler function E[? ; () introduced by Prabhakar [37].

If we take h = 1,9 = 1 in (19) and (20), the generalized Mittag-Leffler function reduces to
the generalized Mittag-Leffler function E, 4(y) introduced by Wiman [38].

If we take h=1,g=1,d=1 in (19) and (20), the generalized Mittag-Leffler function
reduces to the Mittag-Leffler function E, (y) [39, 40].

Remark 5.Several other fractional integral operators involving special functions may be
obtained by specializing the parameters of the general class of functions defined by (3) (see[27,
29)).

Main theorems.

In this section we find the images of the H-function in the fractional integral operators
defined by (4) and (5) in the form of theorems.

Theorem 1. Letthe following conditions be satisfied

B
(1)Re<p+nk+dw+q +f+1r<nu}w(ﬁ—l)> >0,

(ii) Re(u +0+4+(+ min (B—)> > -1,

1<j<M \Bj
(iii) min(o,{,§) = 0 (not all simultaneously zero),
(iv) larg y| < %An,where

A= 27=1 a; — Z§=N+1 a; + 21]\4:1 By — Z_?:M+1 B;(21)
and the conditions mentioned with (3) are satisfied. Then the following result holds:

X

x~Hmpvl J‘ t (4. a))

=———— | tHIx—t)P 1y [z (1 - —)] HYY [ytf (x— t)f| vPldt
r(p) 0 " x)]7re 5181, q

g Ara),

[P
* (B1.B1) 14

t7 Hpg' [yﬂ (x - )f]

_ Axo V"1 o (_P)n an=1 [(hm)n+km](d tan+ ﬁ)_r (%)nk+dw+q
F(p) 2o Mot (9,00 [T [(@ansin]

(—M—U,Z )»(1_P_nk_dw_q;€ ),(A], Of])
M,N+2 J+& 1,P
X Hpiz,041 [ x l(—p—nk—dw—q—u—d,GE WEBLB, | (22
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Theorem 2. Let the following conditions be satisfied

B;
(1)Re<p+nk+dw+q +E+1r<nl<rllw(ﬂ—])> >0,

(ii) Re<y+v—a+(+ min (B—>> > —1,

1<J<M \By
(iii) min(o,{,&) = 0 (not all simultaneously zero),
(iv) larg y| < %An, where A is defined by (21) and the conditions mentionedwith (3)

are satisfied. Then the following result holds:

€ A
t7 Hplp' [yt-é (1 (A )y ”

v

0

Ty e [yt e

x0TVl e ()" [o=1 [+, |(d +an+ B)~ ( )nk+dw+q
I'(p) iz S [(gj)n+aj] “ o [(@anses,]

(0-u-v,0),(1-p—nk—-dw-q,§ ),(4}, aj)
M,N+2 —( 1,P
X HP+2 ,Q+1 [ (a—ﬂ—p—nk—dw—q—v,G{),(B], Bf)w : (23

Proof.To prove (22), first of all we express the [-fractional integral operator involved in its
left hand side in the integral form with the help of (4). Then, we express general class of functions
in series form using (3) and H-function in contour form with the help of (1). Next, we interchange
the order of summation and contour integral with the t-integral which is permissible under the
conditions mentioned with the Theorem1. Thus, the lefthand side of (22) assumes the following
form (say A):

n It 3 d+ n ( )nk+dw+q
=A§ (=P)" =1 [( m)n+km]( an+ B x~Nk—dw=q—pu-p-v—1
"o §=1 [(gf n+a]-] | [(d)an6+br]
2 J.¢ r(p) J tu+a+(£(x _ t)p+nk+dw+q+fs—1dt de. (24)
7

Now, evaluating the t-integral with the help of the following result [5, p. 185, Eq. (7)]:

y Or®) (25)
'[ RAx? 1(y - X)M 1dx = y” v-1 ( Y’
where Re(u) > 0 and RE(v) > 0 we get

T e (G @+ an+ ()
I') n=0 Hf:1 [(gj n+a1] [Ty [(d)amﬂb,]

sF(p+nk+dw+q+&)M(u+o+de+1)
rl+p+nk+dw+q+ée+ic+u+o)

= I PE(yxe+) de,(26)

where Re(p + nk +dw + q + &) > 0 and Re(u + o + {¢) > —1.
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Now, reinterpreting the result (26) in terms of the H-function with the help of (1), we easily
arrive at the required result (22).

The result (23) may be proved by processing on the similar lines given in the proof of
(22)and using the following result [5, p. 201, Eq. (6)]:

[ cAry  umig, _ uea T
[ 2= yytdx = yr-ATEEEE, 27)
y

where 0 <Re(u) <Re(A).

Remark 5.The images of the H-function in all fractional integral operators which follow the

special cases of our main fractional integral operators defined by (4) and (5) may also be
obtained on making suitable substitutions. But, we do not record them here.

Special cases of the results (22) and (23)

In this section we mention some important special cases of the results (22) and (23).

(i) By using (vi) of Special cases of fractional integral operatorsin (22) and (23), the general
class of functions reduces to the Struve’s function [34, p. 38, eq. 55] and we get

G O L] P
0

(B]’ B])l,Q

2n+d+1
© (-2 (-u-0.0),(2-p-2n-d.§),(4, aj)
— xa+u+p Z (2) M,N+2 [yxg+g| 1 %])qp

2o F(%+n) r(§+n+d) P+2,0+1 (—1—p—2n—d—u—d.€+f).(31'BJ)LQ](ZS)

and

0

[ e o Dl e (-3 )
X )

= x0—H-v-1 i.o =" (%)2"+d+1
oG )

(o-u-v.0).(-p—2n-d.§),(4}, aj)
M,N+2 - 1P
X Hp {3 0+1 [y (0-1-p-p-2n-d-v0+E),(81.8)), o | 29)

where H,; () stands for the Struve's function.

(ii) By using (vii) of Special cases of fractional integral operatorsin (22) and (23), the general
class of functions reduces to the Lommel’s function [34, p. 40, eq. 69] and we get

X

t Aj,
J‘ tﬂ+0'(x _ t)p_lsu’,y’ [Z (1 _ ;):l H;)VII;QN |:yt( (x — t)fl( ] a])l,P dt
0

(B]‘ B])I,Q
Z\2n+u+1
' _1\n (%4
= x O+ et %o D (2)
W+v+DW—-v'+ 1)n=0(.u’ +v' + 3) (u’ - v’ 4+ 3)
2 n 2 n

(~u-0,0),2-p—2n-p'),(4), aj)
M,N+2 J+& 1,P
X Hpizq+1 [yx |(—1—P—2"—H’—#—U,(+f)'(B]' Bio (30)
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and

e N

X
2#,+1 o ( 1)n( )2n+u +1

_xo—ll—v—l(,+v,+1)(,_v,+1)2 W+ v +3 W —v'+3
K ¢ () (B )n

n

X HM JN+2

(6—u-v.{)(-p—2n—p'.£),(4} ;)
p+2Q+1[ ¢ VLG

(0-1-p-2n-p'-u—v0+&).(B). B)), o |

where s,/ ,/(y)stands for the Lommel's function.

(iii) By using (viii) of Special cases of fractional integral operatorsin (22) and (23), the
general class of functions reduces to the generalized Mittag-Leffler function [36] and we get

X
t (47.))
U+o (o _ £\P-1 h,g[ ( __)] M,N C(n — \ET
[ -0 (1- )| m vt - 01, o7

= xO+utp § (h)y, 2™ M,N+2 yx§+g |(_“_G’< ).(1-p-n8),(4), “])Lp (32)
nz0(g)n I'(d + an) Fr2e+1 (-p-n-u=08+£)(B1 B)), o
and
]8 oH—P=V=1(f x)p—lE [ (1 _ _)] yt‘ (1 _ _) |(A] Gt])lp dt
(B B)yg
X
_ co-u-v-1vw _ (Wnz" o mMN+2 ¢ (v a-pnE (41 ),
* [ |(U—p—n—u—v.€+é’ 1B By (33)

20 @n(@+an)  P+2Q+1
whereE 2,'3 (y)stands for the generalized Mittag-Lefflerfunction.

(iv) If we take p=2, r=1,d=1,t =P,s=Q, t=1L,k=1,w=0,q=0, k,,,

0,a=0,by=-1l,a=1 =-1,6=1and 1= Hm 1 Féh"s) in (22) and (23), the general class
= 9j

of functions reduces to the MacRobert'sE-function [33] and we get

e ot o i o
0

P © p
+utp m=1 T'hm) =1 (mn(-2) M,N+2
oTHTL TG x . X Mpizgr1 |V

s . [ G SXCE R SYCTAINY (34)
12, r(g;) n=o § (gj)nn

(-p—n-p-0,0+&),(By, ‘81)1,12

=X

and
X ¢ (A]'a])l_p_ dt

.[ LoVt — x)PTE [P (he); @5 (90); z(t — x)] X Hig [yt‘5 (1_?) G

P © P " (0-p-v,8),(1-p—n8),(4}, aj)
— 4 0—u—v-1 [lm=1 T'(hm) [Tm=1 (hm)n(=2) x M,N+2 1 %])p
x ne, r(e) nzo M, (9,0 Hpeaign V¥ (0=p=n-u=v3+&)(B). B)), 4 )

where E [P ; (hp); Q; ( gQ) ; y] stands for the MacRobert's E-function
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(v)Ifwetakep=2, m=1,j=2,r=1,h=19g,=1,9,=1, t=1Lk=1, w=0, qg=

0, ky=0,a,=0a,=0b,=0 =0, 6§=1and A= %m (22) and (23), the general class of

functions reduces to the Wright's generalized Bessel function [35] and by reducing the H-
function therein to the Wright's generalized hypergeometric function by the following
relationship [23, p.19, Eq. (2.6.11)]:

1,P _ (1_A]’“])1'p _ (A]'a])l,p"
Hp,Q+1[ x | ©D.(1-B1.81), = p¥q (51.8)), x|, (36)

we get
X
t (47.a7), pi
uto(y _ p)p-1ja __ 1,P (l — &
! thto(x — )P Y 3§ [z (1 x)] p¥o (81.61), o yté(x —t)s|dt
o -z)" (~u-0.,),(1-p-n&),(1-4), aj)
— L O+Utp (=2) 1P+2 | c4s 1), p
* n2=0 r(i+d+an)n! P+2,Q+2 [ yx l(—p—n—u—a,€+f).(0,1),(1—31, ﬂ])l,Q:| (37)
and
X ‘ e/ PP (BB, g t
_ L o-u-v-1y =2)" 1,P+2 _¢ (o), mpn)(1-4, ap)
¥ n2=0 r(1+d+an)nt P+2,Q+2 [yx l(o—p—n—u—v,GE),(0,1),(1—13], 8ol 38)

where /7 (y)stands for the Wright's generalized Bessel function.

(vi) If we take p=1, m=1,j=2,r=1,h=1,9g,=1,9g,=1, 1=1k=2, w=1,

q=0k =0 a,=0a,=0b=0a=1 =0, 6=1 and A=$in (22) and (23), the

general class of functions reduces to the Bessel function [34] and we get

(A]’ 0_’]) 1,P

dt
(B]’ B])]_’Q

¢ t
I thro (x — )P, [z (1 - ;)] Hplo' [ytf (x — t)°]
0
7z 2n+d
o D" (3)
= xOtutp Z
2o (1 +d+n)n! Pt2e+l

(—M—U,( ),(1—p—2n—d,€ )r(A]r d])
M,N+2 J+E 1P
[ X (—p-2n-d-u-0,+£).(B; B)), (39)

and

; X x\§ (45a))
O—p=p=v=1(t _ 4 )p-1 -7 PO ¢ Tt .
[ t (=" [2(1-7)|HE [y et (1-3) [OF W
n+d
2 0" s [ ¢ | ORI 2 d )4y @),

— ,O—p—v—1
x n2=o r(i+d+n)n!  P+2,0+1 (0—p—2n—d—u—v,{+§),(B],B])LQ ]'(40)

where J; (y)stands for the Bessel function.

Remark 6. Several other fractional integrals involving special functions may be obtained by
specializing the parameters of the general class of functions and H-function involved in the
results (22) and (23) (see[23, 27, 29]).
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INSTRUCTIONS FOR AUTHORS

"The Baku Engineering University Mathematics and Computer Science” accepts original unpublished
articles and reviews in the research field of the author.

Articles are accepted in English.

File format should be compatible with Microsoft Word and must be sent to the electronic mail
(journal@beu.edu.az) of the Journal. The submitted article should follow the following format:
Article title, author's name and surname

The name of workplace

Mail address

Abstract and key words

The title of the article should be in each of the three languages of the abstract and should be centred on the
page and in bold capitals before each summary.

The abstract should be written in 9 point type size, between 100 and 150 words. The abstract should be written
in the language of the text and in two more languages given above. The abstracts of the article written in each
of the three languages should correspond to one another. The keywords should be written in two more
languages besides the language of the article and should be at least three words.

.UDC and PACS index should be used in the article.

The article must consist of the followings:

Introduction

Research method and research

Discussion of research method and its results

In case the reference is in Russian it must be given in the Latin alphabet with the original language shown in
brackets.

Figures, pictures, graphics and tables must be of publishing quality and inside the text. Figures, pictures
and graphics should be captioned underneath, tables should be captioned above.

References should be given in square brackets in the text and listed according to the order inside the text at
the end of the article. In order to cite the same reference twice or more, the appropriate pages should be
given while keeping the numerical order. For example: [7, p.15].

Information about each of the given references should be full, clear and accurate. The bibliographic description
of the reference should be cited according to its type (monograph, textbook, scientific research paper and etc.)
While citing to scientific research articles, materials of symposiums, conferences and other popular scientific
events, the name of the article, lecture or paper should be given.

a)

b)

10.

11.
12.

Samples:

Article: Demukhamedova S.D., Aliyeva 1.N., Godjayev N.M.. Spatial and electronic structure af monomerrik
and dimeric conapeetes of carnosine uith zinc, Journal of structural Chemistry, Vol.51, No.5, p.824-832,
2010

Book: Christie ohn Geankoplis. Transport Processes and Separation Process Principles. Fourth Edition,
Prentice Hall, p.386-398, 2002

Conference paper: Sadychov F.S., Aydin C., Ahmedov A.1.. Appligation of Information — Commu-nication
Technologies in Science and education. II International Conference.”Higher Twist Effects In Photon- Proton
Collisions”, Baki, 01-03 Noyabr, 2007, ss 384-391

References should be in 9-point type size.

The margins sizes of the page: - Top 2.8 cm. bottom 2.8 cm. left 2.5 cm, right 2.5 cm. The article main text
should be written in Palatino Linotype 11 point type size single-spaced. Paragraph spacing should be 6 point.

The maximum number of pages for an article should not exceed 15 pages

The decision to publish a given article is made through the following procedures:

The article is sent to at least to experts.

The article is sent back to the author to make amendments upon the recommendations of referees.

After author makes amendments upon the recommendations of referees the article can be sent for the
publication by the Editorial Board of the journal.



YAZI VO NO9SR QAYDALARI

“Journal of Baku Engineering University- Riyaziyyat vo kompiiter elmlori” - ovvellor nagr olunmamig
orijinal asarlari vo miiallifin tadqiqat sahasi tizra yazilmis icmal maqalalari qobul edir.

Maqalalor Ingilis dilindo gobul edilir.

Yazilar Microsoft Word yazi programinda, (journal@beu.edu.az) iinvanina géndorilmslidir. Gondarilon
mogqalolords asagidakilara nozors alinmalidir:

Mogqalonin bagligi, miisllifin adi, soyadi,

s yeri,

Elektron tinvani,

Xiilaso vo agar sozlor.

Mogqalads bashq hor xiilasadan avval ortada, qara vo boyiik horflo xiilasolorin yazildigi hor i¢ dildo
olmalidir.

Xiilasa 100-150 s6z araliginda olmagqla, 9 punto yazi tipi boyiikliiyiindo, moqalonin yazildig1 dildo vo bundan
olavo yuxarida gostarilon iki dildo olmalidir. Magalonin har {i¢ dilde yazilnug xiilasasi bir-birinin eyni olmalidir.
Agar sdzlor uygun xiilasalorin sonunda onun yazildig: dilds verilmokls an azi ii¢ s6zden ibarat olmalidir.

Magqalads UOT va PACS kodlar1 gostarilmalidir.

Mogqalos asagidakilardan ibarat olmalidir:

Giris,

Tadqiqat metodu

Tadgiqgat isinin miizakirasi vo onun naticolori,

Istinad adebiyyat: rus dilinds oldugu halda orjinal dili m&tarzo icorisinde gdstormoklo yalmz Latin alifbasi
ilo verilmolidir.

Sakil, rasm, grafik vo cadvallar ¢apda diizgiin, aydin ¢ixacaq vaziyyatds va moatn igarisindo olmalidir. Sakil,
rosm va grafiklorin yazilari onlarm altinda yazilmalidir. Cadvallards basliq cadvalin iistiinds yazilmalidir.

Manbalar motn igarisinde kvadrat moéterize daxilinds gdstorilmoklo maqalonin sonunda matn daxilindaki
stra ilo diiziilmolidir. Eyni manbays iki vo daha cox istinad edildikds ovvalki sira say1 saxlanmaqla miivafiq
sohifolor gostarilmolidir. Masalon: [7,s0h.15].

BOdobiyyat siyahisinda verilon her bir istinad haqqinda molumat tam va doqiq olmalidir. Istinad olunan manbonin
bibliografik tesviri onun ndviindon (monoqrafiya, dorslik, elmi moqalo v s.) asili olaraq verilmolidir. EImi mo-
qalslara, simpozium, konfrans, va digor niifuzlu elmi todbirlorin materiallarina vo ya tezislorine istinad edorkon
magqalonin, maruzanin va ya tezisin ad1 gostarilmalidir.

a)
b)

c)

Niimunolar:

Mbqals: Demukhamedova S.D., Aliyeva I.N., Godjayev N.M.. Spatial and electronic structure af monomeric
and dimeric complexes of carnosine with zinc, Journal of structural Chemistry, Vol.51, No.5, p.824-832, 2010

Kitab: Christie ohn Geankoplis. Transport Processes and Separation Process Principles. Fourth Edition,
Prentice Hall, 2002

Konfrans: Sadychov F.S., Aydin C., Ahmedov A.1.. Appligation of Information-Communication Technologies in
Science and education. II International Conference. ”Higher Twist Effects In Photon- Proton Collisions”,
Baki, 01-03 Noyabr, 2007, ss 384-391

Maoanbolar 9 punto yazi tipi boyiiklitylinds olmalidir.

10.

11.
12.

Sohifo ol¢iilori: listdon 2.8 sm, altdan 2.8 sm, soldan 2.5 sm va sagdan 2.5 sm olmalidir. Matn 11 punto yaz: tipi
boyiiklityiinds, Palatino Linotype yazi tipi ilo ve tok simvol araliginda yazilmalidir. Paraqraflar arasinda 6
punto yazi tipi araliginda mosafs olmalidir.

Orijinal tadqiqat asarlorinin tam motni bir qayda olaraq 15 sshifodon artiq olmamalidir.

Mogqalonin nosra toqdimi asagidaki qaydada aparilir:
Hor mogqallo on az1 iki eksperto gondorilir.
Ekspertlorin tovsiyslorini nozars almaq ti¢iin moqalo miisllifa gondarilir.

Mogqals, ekspertlorin tonqidi qeydlori miisllif torafindon nozere alindiqdan sonra Jurnalin Redaksiya Heyati
torofindon ¢apa toqdim oluna bilor.
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8.

YAZIM KURALLARI

“Journal of Baku Engineering University- Matematik ve Bilgisayar Bilimleri” onceler yayimlanmamug orijinal
calismalari ve yazarin kendi arastirma alanin-da yazilmis derleme makaleleri kabul etmektedir.

Makaleler ingilizce kabul edilir.

Makaleler Microsoft Word yazi programinda, (journal@beu.edu.az) adresine gonderilmelidir. Génderilen
makalelerde sunlar dikkate alinmalidir:

Makalenin baslig1, yazarin adi, soyadi,

Is yeri,

E-posta adresi,

Ozet ve anahtar kelimeler.

Ozet 100-150 kelime arasinda olup 9 font biiyiikliigiinde, makalenin yazildig1 dilde ve yukarida belirtilen iki
dilde olmalidir. Makalenin her ii¢ dilde yazilmis 6zeti birbirinin aynt olmalidir. Anahtar kelimeler uygun 6zetin
sonunda onun yazildigi dilde verilmekle en az {i¢ s6zciikten olugmalidir.

Makalede UOT ve PACS tipli kodlar gosterilmelidir.

Makale sunlardan olugsmalidir:

Giris,

Aragtirma yontemi

Aragtirma

Tartigma ve sonuglar,

Istinat Edebiyati Rusca oldugu halde orjinal dili parantez icerisinde gdstermekle yalniz Latin alfabesi ile ve-
rilmelidir.

Sekil, Resim, Grafik ve Tablolar baskida diizgiin ¢ikacak nitelikte ve metin igerisinde olmalidir. Sekil, Re-
sim ve grafiklerin yazilar1 onlarin alt kisimda yer almalidir. Tablolarda ise baslik, tablonun iist kisminda
bulunmalidir.

Kullanilan kaynaklar, metin dahilinde koseli parantez igerisinde numaralandirilmali, ayn1 sirayla metin so-
nunda gosterilmelidir. Aym kaynaklara tekrar bagvuruldugunda sira muhafaza edilmelidir. Ornegin: [7,seh.15].

Referans verilen her bir kaynagin kiinyesi tam ve kesin olmalidir. Referans gosterilen kaynagin tiirii de eserin tii-
rine (monografi, derslik, ilmi makale vs.) uygun olarak verilmelidir. [lmi makalelere, sempozyum, ve konferanslara
miiracaat ederken makalenin, bildirinin veya bildiri 6zetlerinin ad1 da gosterilmelidir.

a)
b)

c)

Ornekler:

Makale: Demukhamedova S.D., Aliyeva I.N., Godjayev N.M.. Spatial and Electronic Structure of Monomerik
and Dimeric Conapeetes of Carnosine Uith Zinc, Journal of Structural Chemistry, VVol.51, No.5, p.824-832, 2010
Kitap: Christie ohn Geankoplis. Transport Processes and Separation Process Principles. Fourth Edition, Prentice
Hall, p.386-398, 2002

Kongre: Sadychov F.S., Aydin C., Ahmedov A 1. Appligation of Information-Communication Technologies
in Science and education. Il International Conference. “Higher Twist Effects In Photon- Proton Collisions”,
Balka, 01-03 Noyabr, 2007, ss 384-391

Kaynaklarin biiytikliigii 9 punto olmalidir.

9.

10.
11.

12.

13.

Sayfa olculeri; tist: 2.8 cm, alt: 2.8 cm, sol: 2.5 cm, sag: 2.5 cm seklinde olmalidir. Metin 11 punto biiyiik-
likte Palatino Linotype fontu ile ve tek aralikta yazilmalidir. Paragraflar arasinda 6 puntoluk yazi mesa-
fesinde olmalidir.

Orijinal aragtirma eserlerinin tam metni 15 sayfadan fazla olmamalidir.

Makaleler dergi editér kurulunun karari ile yayimlanir. Editorler makaleyi diizeltme i¢in yazara geri génde-
rilebilir.

Makalenin yayina sunusu asagidaki sekilde yapilir:

Her makale en az iki uzmana génderilir.

Uzmanlar tavsiyelerini dikkate almak i¢in makale yazara gonderilir.

Makale, uzmanlarin elestirel notlar1 yazar tarafindan dikkate alindiktan sonra Derginin Yaym Kurulu tarafindan
yayina sunulabilir.

Azerbaycan disindan gonderilen ve yayimlanacak olan makaleler i¢in,(derginin kendilerine gonderilmesi za-
mani posta karsiligr) 30 ABD Dolar1 veya karsiligi TL, T.C. Ziraat Bankasi/Uskiidar-Istanbul 0403 0050 5917
No’lu hesaba yatirilmali ve makbuzu iiniversitemize fakslanmalidir.
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ITPABUJIA JIA ABTOPOB

«Journal of Baku Engineering University» - MaremaTuku u WHOOPMATUKH MyOIHKYEeT OpUTHHAIBHEIE,
HayYHBIC CTAThU U3 00JIACTH UCCIICIOBAHMS aBTOPA U PaHee HE OITyOJIMKOBaHHEIC.

Cratbu TIPUHUMAIOTCS Ha AHTJINCKOM SI3BIKE.

PykomuicH TOIKHBI OBITh HaOpaHs! coryiacHo porpammbel Microsoft Word u oTripaBiieHs! Ha 37IEKTPOHHBIH
anpec (Journal@beu.edu.az). OtmpasiseMble CTaThH J0JKHBI YIUTHIBATH CIICAYIONIHE TPABHIA;

HazBanue ctatbu, uMs U paMUIIHs aBTOPOB
Mecto paboThI

DICKTPOHHBIN a/ipec

AHHOTAIMS 1 KJIFOYEBBIC CIIOBA

3ariaBue CTaThH IIHUIIETCS JIJIA KaXKJI0M aHHOTAaIMU 3arjaBHBIMU 6yKBaMI/I, JKUPHBIMU 6yKBaMI/I U pacrioJjiara-
€TCA TI0 LEHTPY. 3arnaBue u AHHOTAIlMH JOJI?KHBI OBITH TMPEACTABJICHBI HA TPEX SA3BIKAX.

AHHOTAIM, HAIICAaHHAS HA S3bIKE TPEACTaBICHHON CTaThH, NOJKHA coaepkaTh 100-150 cmoB, HaOpaHHBIX
uipudToM 9 punto. Kpome Toro, mpefcTaBisSiOTCs aHHOTAIMK HA BYX JAPYTHX BBINIC YKa3aHHBIX S3bIKAX,
MepPeBOJT KOTOPBIX COOTBETCTBYET COJIEP KaHMIO opUruHaia. KitoueBble ciioBa JOJKHBL ObITh MPEACTABIEHBI
mocyie KaXKI0i aHHOTAIMK Ha ero S3bIKE U COAEPIKaTh He MEHEe 3-X CIIOB.

B crarbe momxub! ObTh yKa3anbl kol UOT u PACS.

IIpencraBneHHble CTaThbU AOJKHBI COAEPKATh:

Beenenue

MeTton ucciaemoBaHus

OO6cyxneHne pe3yIbTaToOB HCCIeJOBAHUS U BEIBOIOB.

Ecmu ccrmmarorcs Ha paboTy Ha pycCcKOM sI3BIKE, TOTJAa OPWUTWHANBHBIA S3BIK YKa3hIBacTCsA B CKOOKax, a
CCBUIKA JJACTCS TOJIBKO Ha JTATHHCKOM ai(aBUTE.

PuCyHKH, KapTHHKH, TpaGUKH ¥ TAOIHIBI JODKHBI OBITH YETKO BHIMOIHEHBI M Pa3MEIeHbI BHYTPH CTATHH.
INoamucu K pUCyHKaM pa3MEIIIaloTCsl MO PUCYHKOM, KapTHHKON i rpadukom. Ha3BaHnue TaOIMIbI MHIIETCS
HaJ TaOJIULEH.

CChUIKH Ha HCTOYHHKH JAI0TCA B TEKCTE IU(POH B KBAIPATHBIX CKOOKAX U PACIIONAraloTcs B KOHIIE CTaThH
B TIOPSIZIKE IATHPOBAHMUS B TeKCTe. ECITM Ha OJIMH M TOT jK€ MCTOYHHK CCBUTAIOTCS JIBa U Oojiee pas, He00X0-
JIMMO YKa3aTh COOTBETCTBYIOIIYIO CTPAHHILY, COXPaHAS MOPSAKOBHIM HOMep nuTupoBanus. Hanpumep: [7,
crp.15]. bubmuorpaduueckoe OMMUCaHKUE CCHIITAEMOM JTUTEPATYPHI TOJKHO OBITH POBEIEHO C YUETOM THIIA
UCTOYHKKA (MOHOTpadust, yIeOHHK, HAydHas CTaThs U 1p.). [IpH CCBUTKE Ha HAYYHYIO CTaThiO, MaTEPHAIbl CHM-
No3uyMa, KOH(PEPEHIINH WK IPYTHX 3HAYNMBIX HAYYHBIX MEPOIPHATHH TOJKHBI OBITH YKa3aHbl Ha3BaHUE
CTaThH, JOKJIAJA WK TE3HUCA.

Hanpumep:

Cmampwsa: Demukhamedova S.D., Aliyeva I.N., Godjayev N.M. Spatial and electronic structure of monomeric
and dimeric complexes of carnosine with zinc, Journal of Structural Chemistry, Vol.51, No.5, p.824-832,
2010

Knueza: Christie on Geankoplis. Transport Processes and Separation Process Principles. Fourth Edition,
Prentice Hall, 2002

Kongpepenuua: Sadychov F.S, Fydin C,Ahmedov A.l. Appligation of Information-Communication Nechnologies

in Science and education. Il International Conference. “Higher Twist Effects In Photon-Proton Collision”,
Bak1,01-03 Noyabr, 2007, s5.384-391

CHycoK IMTHPOBAHHOM JIUTEpaTyphl HabupaeTcs mpudToM 9 punto.

10.

11.
12.

Pa3mepbl crpaHunbl: cBepxy 2.8 oM, cHu3y 2.8 cM, creBa 2.5 u cripaBa 2.5. Tekcr nedaraercs wpudrom Pala-
tino Linotype, pasmep mwpudra 11 punto, uHTepBan-oanHapHbli. [laparpadsl HOKHEL OBITh pa3/ielcHbI
paccTosiHuEM, COOTBETCTBYIOIUM MHTEpBaIy 6 punto.

[TonHb1i 00beM OPUTHHAIBLHOM CTaThH, KaK IPaBHIIO, HE JOJDKEH MPEeBHIIIaTh 15 cTpaHuil.

IIpencraBienue cTaThbu K NEYaTH NPOU3BOJUTCS B HUXKE YKA3aHHOM IMOPAJKE:

Kaxxnast cTathst mochlIaeTcss HeE MEHEe IBYM JKCIIEPTaM.

CraThs MOCHUTACTCS aBTOPY IS yUeTa 3aMeUaHuil SKCTIEPTOB.

CraTps, TIOCNE TOTO, KaK aBTOP yd4es 3aME4YaHHs KCIEPTOB, PEIAKIIMOHHON KOJJIETHell KypHama MOXET
OBITh PEKOMEH/IOBaHA K MICYATH.
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