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Introduction

The Burgers equation is a special case of the Navier-Stokes equation in the one-dimensional
case and reflects both the effects of nonlinear propagation and the effects of diffusion. The
Burgers equation arises when considering a wide class of processes in hydromechanics,
nonlinear acoustics and plasma physics.

The Burgers equation with a source F(x,t) # 0 describes the dynamics of a physical system
located in an external field and is a natural generalization of the homogeneous equation
corresponding to autonorms notions.

An important result for the Burgers equation was oftained by Cole and Hoff, who showed
that the nonlinear Burgers equation can be reduced into the linear heat conduction equation
thraigh a change of variables.
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In papers [1,2] (see also the bibliography in these papers) direct problems for the Burgers
equation are considered.

Problem statement

i lta
Let D = (0,1) x (0,T],0 < T = const, the spaces C'(-), C***(-),c"2("),c** 2 (1),1=0,1,2,0 <
@ < 1 and the norms in these spaces be defined as in [3, chapter 1]:

l l
0 p(x, 1)
Pl = sup |2 22, gl = sup
D £ [07]

dxk
k=0
We consider the following inverse problem on determining a pair of functions {f (t), u(x,t)}:
Up = Ugyx T UU, = f()g(x), (x,t) €D, (1)
u(x,0) = (), x€[01],(2)
u(0,t) = Po(t), u(l,t) =91 (t), t €[0,T], (3)
[} u(x, t)dx = (), t € [0,T], (4)

d*q(t)
dtk

ou ou _ d%u

where g(x), p(x), Yo (t), P1(t), h(t) are the given functions, u; = o0 W = 50 Uex = o

The coefficient inverse problem for a parabolic equation were studied in the papers [4,6].

Problem (1)-(4) belongs to the class of Hadamard ill-posed problems. Examples indicate that
solutions to problem (1)-(4) may not always exist, and even if it they do, uniqueness or
stability is not guaranteed. We will give an example of a violation of the correctness
conditions - namely, an example of the instability of the solution. Let in problem (1)-(4)
n=1,D = (0,1) and the input data have the following form : g(x) =
gstx,t) = xe”! ) e(0,1) x (0,T),95(x) = x,x €[0,1], o5 (t) = 0, Py5(t) =

e St hy(t) == _St, t €[0,T], s is a natural number.

It is easy to verify that the functions {f;(t) = e~ — s, us(x,t) = xe~*'} for any s=1,2,... are

exact solutions to problem (1)-(4) with the above input data. It is clear that by choosing
natural numbers m and S (m#s) , the differences

|gm (2, 1) = gs(x, O], 19m (X)) = @s O, [Yom () = Yos (O, [W1m (£) — P15 (D) |hn (8) =

hs(t)|, that is , the perturbations of the input data can be made arbitrarily small in the norm
C! for any [=0,1,2,... however , in this case |f;,(t) — f;(t)| = |s — m|, which shows the
violation of the stability of the solution to the problem (1)-(4) .

Therefore, this problem should be treated proceeding from the general concepts of the theory
of ill-posed problems.

We take the following assumptions for the data of problem (1)-(4):
10. g(x) € C*[0,1], f g(x)dx = gy # 0;
20, p(x) € C?**[0,1];

3% o (1), Y1 (t) € CHH¥[0,T], 9(0) = o(0), 9(1) = 1 (0);
40, h(t) € CT**[0, T].
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Definition 1. The pair of functions {f (t), u(x, t)} is called the solution of problem (1)-(4) if:
D f@®) e Cc?[0,T];

2) u(x, t) € C2+@1+a/2 0 ¢(D);

3) the relations (1)-(4) are satisfied for these functions in an ordinary way.

Problem (1)-(4) is reduced to an equivalent problem.
Lemma 1. Let the initial data of problem (1)-(4) satisfy conditions 1°-4° and f01 @(x)dx = h(0).

If the pair {f(t), u(x,t)} is a solution to problem (1)-(4) in the sense of definition 1, then this
pair is also a solution to problem (1), (2), (3),

2 2
F(O = he — 0, (1L,0) + 1, (0,0) + 2O - 2O /g e (0,77 (5)
and vice versa, the solution to problem (1), (2), (3), (5) in the sense of definition 1 is a solution
to problem (1)-(4).

Proof. Let’s assume {f(t),u(x,t)} is a solution to the problem in the sense of definition 1.
Integrate equation (1) in the interval (0,1) with respect to x. Taking into account the
conditions of lemma 1, we obtain

1 1 1 1
Jo uedx = [ uygedx + [ uuedx = [ f(£)g(x)dx (6)
From here we obtain formula (5).

Now let’s assume that the pair {f(t), u(x,t)} is a solution to problem (1), (2), (3), (5) in the
sense of definition 1. Let’s show that condition (4) is satisfied. In the ratio (6) instead of f(t),
we write the value of (5), and denote 8(t) = fol u(x, t)dx — h(t), we obtain

0:(t)=0, 6(0)=0.
It is clear that the only solution to the Cauchy problem for 8(t) is 8(t) = 0. Hence it follows:
J; uCx, t)dx — h(¢) = 0.

The Lemma 1 is proved. Let us call problem (1), (2), (3) and (5) problem A. On the
uniqueness and “conditional” stability of a solution the uniqueness theorem and the estimate
of stability for the solution of the inverse problem occupy a central place in investigation of
their well-posedness.

Define the following set:

K, = {(f,w)/f(t) € C*[0,T],u(x,t) € C3**+@/2(D), (x,t) € D for all (f,u) If(t)| <c,t €
[0,T7, lul, [uyl, ltyy] < ¢y, (x,t) €D,0 < ¢4, ¢, = const}
Let us assume that the two input sets {g;(x), @; (x), Yo; (t), Y1;(t), h; ()}, i = 1,2.

Problem A for brevity of the further exposition, Problem A: will call Problem A:. Let
{f1(6), uy(x, t)}and {f,(t), u,(x, t)}be solutions of problems A: and A:, respectively.

Theorem 1. Let the following conditions hold the function {g; (x), @;(x), ¥; (t),
Y1;(t), hi(t)}, i = 1,2 satisfy conditions 1°-4°, respectively; 2) solutions of problems A1 and A:
exist in the sense of definition 1 and they belong to the set K,,.
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Then there exists a T*(0 < T* < T), such that for (x,t) € [0,1] x [0,T*] = D, the solution of
problem A is unique, and the stability estimate

©)
01t

llug — u2||1()0) +fi — f2||(TO) <3 [”91 - 92||E8,)1] + llo1 — @2l
Hlor = Yoo IS + 11 — a2l + e — R NIY (@)
is valid.
Proof. Consider the function
Fx,t) = p(x) + (1 — ) [1ho (t) — Yo(0)] + x[h1(t) — ¥, (0)], (x,t) € D.
It's obvious that F(x,t) € C?*®1*2/2(D) and
F(x,0) = ¢(x),x € [0,1], F(0,8) = ¢o(t), F(1,t) =, (¢), t € [0, T].

Denote

z(x, t) = uy(x, 1) —uz(x, ), A(t) = f1(t) — f2(0),
01(x) = 91(x) — 92(x), 82(x) = P1(x) — (%),
83(t) = Po1(t) — Po2(t), 84() = Y11(8) — P12(2),
85(x) = hy(t) — hy (), 66(x, t) = Fi(x,t) — Fp(x, 1),
w(x, t) = z(x,t) — §g(x, t).

Subtracting relations from the relations of problem Ai, the corresponding relations of
problem Az we obtain the problem of determining a pair {A(t), w(x, t)}:

Wy — Wiy = A1) g1(x) + @(x,t), (x,t) €D, (8)
w(x,0) =0,x € [0,1], (9)
w(0,t) =w(1,t) =0,t € [0,T], (10)
A(t) = [2¢(0,8) — zx(1,8)]/ 901 + H(t), t €[0,T], (11)
where
D(x,t) = f,(t)01(x) — z(x, Oug, (X, t) — Z, (X, Uy (%, 8) — S (x, £) + Fgpr (x, 1),

H(t) = {[85:(t) + 84 (&) W11(t) + ¥12(£))/2 — 83(£) (W01 () + Po2(t)/2]g01-
— 81 () [ (£) —upy (1, ) + Uz, (0, ) + 952(1) /2 — ¥52(£)/213/ go19ox-

Under the conditions of theorem 1 and from the definition of the set K|, it follows that right
the side of equation (8) satisfies the Holder condition. It means, there exists a classical
solution of the problem defining of w(x,t) from the conditions (8), (9), (10) and it can be
represented in the form [3, p.468]:

w(x, 6) = [ I G(x, t,§, DA g1 (6) + D, 1)]dEdx, (12)

whereG (x, t, &, 7) is a fundamental solution to equation u; — uy, = 0, for which the following
estimations [3, chapter IV] are true:

[1GE (e t, €, )| dE < cy(t — )" 9/%, 1= 0,1 (13)
where 0 < ¢, = const.

Taking into account that w(x, t) = z(x, t) — §¢(x, t), from (12) we will obtain:

() = 8506, 1) + [ [y G, £, DIA(D)g:1(§) + (¢, D]dédx, (14)
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Assume

0 0
x =l =l + 11, = LI,

Under the conditions of theorem 1 and from definition of the set K,, taking into account
estimation (13) we will obtain:

1206, 0 < cs 1810 + 186I1E V] + coxt™ + Izl 6%, (x,1) €D, (15)
IA(O)] < e [I18 0150 + 1815 + 18411 + 18515] + collz I, ¢ € [0,7] (16)

Function z, (x, t) is estimated as follow

Under the conditions of Theorem 1, taking into account (15) from the last equality we obtain
2o 1l < 10 1810y + 186120 + craxt™2 + eoallzll P62, (x,1) € B, (17)
where ¢y, ¢11,¢12 > 0 depends on data of problem A1 and A:, the set K,,.
Inequalities (17) are satisfied at one value (x,t) € D. Therefore they must be satisfied also for
maximum values of the left parts.
1z 15 < e10 (1810 + N6l S| + c10xt™42 + ey llz I 14472, (18)

1+a/2

Let T1(0 < Ty < T) be such a number, that ¢, T, < 1. Then from (18) we have

0 2,1
12 I? < 15 [||61||E0,)1] RIS )] + cpaytitar?,

Substituting the last inequality into (15) and (16), we obtain:
120, )1 < c15 (181100 + 1861 ] + croxt™ 2, (x,6) €D
A1 < 17 |85y + 1865 + 185 157] + croxe™ /2, ¢ € [0,T].
or
120, )] + 1A(O)] < 1 [I18:15 + 18615 + 81| + craxt?*e/2.

The last inequality is satisfied for all (x,t) € D. Therefore it is also satisfied for the maximum
values of the left points.

X < Cq9 [”61”%8')1] + ||66”E)2,1) + ”65”;0)] + C18Xt1+a/2-

Let T,(0 < T, £ T)R be such a number, that C18T1+a/2

from the last inequality we get the estimate (7).

< 1. By choosing T* = min(Ty,T;)

The uniqueness of the solution to problem A is obtained from formula (7) at
91(x) = g2(x), 1 (x) = @,(x)
PYo1(t) = Po2(t) w1 (t) =y, ®) e (8) = hy(2).

Theorem 1 is proved.
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