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distribution and the differential operator to be in the family 3 (p,A,a,f,7)

of analytic functions which defined in the open unit disk. We derive a
number of important geometric properties, such as, coefficient estimates,
integral representation, radii of starlikeness and convexity. Also we discuss
the extreme points and neighborhood property for functions belongs to this

family.
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1. Introduction

Indicate by A the family of all functions f of the form

f(z)=2"+ i a,z" (34)

n=p+1

which are analytic and multivalent in the open unit disk U = {Z el: |Z| < 1} .

Also, let W, denote the subfamily of A consisting of functions of the form:

f(z)=zp—ianz”(an20,peﬂ). (35)

n=p+1

The function f € W, is said to be starlike of order p(O <p< p) if it satisfies the condition:

zf'(z)
Re W >p (zel).
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A function f € W, is said to be convex of order p(O <p< p) if it satisfies the condition

Re{1+ 2 ,"((ZZ))} o (zeU).

A function f eW, is said to be close-to-convex of order p(OS p< p) if it satisfies the

T o)

Let the function f and g be analytic in U. We say that the function f is subordinate to g,

condition

if there exists a Schwarz function W analytic in U with w(0)=0 and |W(Z)| <1 (zeU)
such that f(z)= g(W(Z)).This subordinate is denoted by f < g or f(z)<g(z) (zeV).

It is well known that (see [7]), if the function g is univalentin U then f < g if and only if

£(0)=g(0) and f(U)cg(U).

Denote by S*(a) and C(a) the families of starlike and convex functions of order p,

respectively. These families were introduced and studied by Silverman [10].

The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the Binomial
have been partially studied in the Geometric Function Theory from a theoretical point of
view (see [1,4,5,8,9,11,12]).

A discrete random variable X is said to have a Borel distribution if it takes the values

) 24 2,34
e 21e 91
1,2,3,... with the probabilities T’ o 3e| ,--+ respectively, where A is called the

parameter.

Very recently, Wanas and Khuttar [13] introduced the Borel distribution (BD) whose
probability mass function is
ar) e
P(X:r):—( ) , r:1,2,3,....
rt
Wanas and Khuttar [13] introduced a series whose coefficients are probabilities of the Borel
distribution (BD)

p . [/I(n _ p)nfpfl e—ﬂ(n—p):|
M (A;z)=2" - 2", 0<A<] pell.
p( ) n;& (n_p)|

For 6 >0, Amini et. al. [2] defined the linear operator B'; f (z):W, —W, as
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« | A(n=p) " e P
Mpu:z)*f(z>:=Bf,a-f<z>=z“n§l[( (pn)_p)! Jo

B, 1(2)=(1-0)BL, 1 (2)+ 2 2(B, 1 (2))

Nl N

n=p+1 (n_ p)'

!

B, F(2)=(1-0)B1, 1 (2)+ S (B, 1 (2)

g BT

n=p+1 (n_ p)' p

B, (2) =(1-6)BI (2)+ 22(B11 ()

ey O p)“"’*e“””}{M(g_lﬂm

n=p+1 (n_ p)' p

=z - i o) (4,6)a,z", mel U{0},

n=p+1

where @, 20, 0<A<1, zeU and

o7, (2,5)= [Aopy e [1+5(ﬂ_1ﬂm.

(n-p)! p

We now recall the following Lemmas that will be used to prove our main results.

Lemma 1: [6] If f and g are analyticin U with f < g, then
[l (re") a0= [lo(re")f 00
0 0

where £ >0, 2= re and O<r<1.

Lemma 2: [3] Let & >0. Then Re(W)>a if and only if |W—(p+a)|<|w+(p—a)|, where

W be any complex number.

2. Main Results

We begin this section by defining the family J ( p, A, a, f, 7/) as follows:

Definition 1: A function f of the form (35) is said to be in the class J ; ( p, A, a, f, )/) if

satisfies the following condition:
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2(B], 1 (2)) +72° (B, (2)) Ly @)
yz{(Bl”f&f (z))’+ﬂz(Bfgf (z))”}

(17| pr(En () +(0- AL (2)

where 0<a <1, 0</4<1,0<y<] 6>0and 0<A<1.

Re

Theorem 1: Let f e W, then fel 5(p,ﬂ,,a,ﬂ, }/) if and only if

nil(y(n—1)+1)(n—a—(n—1)aﬂ)®2fp (4.0)a, <(7(p-1)+1)(p-a—(p-1)eB) @7

where 0<a <1, 0<f<1,0<y<1, 620, 0<A<land pell.

The result is sharp for the function

f(z)zzp_ (y(p—1)+1)(p—a—(p—1)a/3’)

_ ", n>p+1 pell. (38)
((n=1)+1)(n—a—(n-1)aB)®},(1.5)
Proof. Assume that f €J J(p,ﬂ,,a,ﬂ,}/), so we have
me z(ijaf(z)) +;/22(B;f§f(z)) »

7{(B;j§f (2)) +pz(BY, f (Z))”}
1) pe(e 1)+ ()

Then

Z(D (2,6)na,z" +yp(p-1)z Z(D (2,6)yn(n-1)a,z

Re n=p+1 n=p+1 > a.
ypz® - an (2,6)yna,z" +yBp(p-1)z Z‘D (4.6)ypn(n-1)a,z
n=p+1 n=p+1
+(1-y)Bpz° - Zcp )ﬂnaz+(1y1ﬂ( ZCD ]

n=p+1 n=p+1

Or equivalently
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0

(r(p-1)+1)(p-a-(p-1)apB)z’ - Y (y(n-1)+1)(n-a—(n-1)aB)®] ,(1.5)a,z"

Re n=pil > 0.

a(l+y(p-1))(1+B(p-1))z° - i o (4.0)a(l+y(n-1))(1+ B(n-1))a,z"

n=p+1

This inequality is correct fora z € U Letting Z =1 yields
Re{(7(p—1)+1)(p—a—(p—l)aﬁ)zp— > (y(n—1)+1)(n—a—(n—1)aﬂ®$p(i,é)an)}>0.
n=p+1

Therefore

> (r(n-1)+1)(n-a—(n-2)ap)0f, (4,6), <(#(p-1)+1)(p-a~(p-1ap)

n=p+1

Conversely, let (37) hold. We will prove that (36) is correct and then f el ( p, A, a, f, 7/).

By Lemma 2, we put
2(B,f (1) 472" (B ()

yz[(B/[”ﬁf (z))' +Bz(B], f (z))”}

1) pe(e 1)+ )

W=

Or show that
1

NG

"

T- 2(BP,f(2)) +72°(B], f (2)) —(p+a)2(B],f(2)) —(p+a)7 (BN, (2))

<Q,
where

N(z):yz[(Bﬂﬁf (2)) + pa(Br, (z))”}+(1—7/)[ﬂz(825f (2)) + (- p)(B, ¢ (z))}
and it is easy to verify that Q—T > 0.

And so the proof is complete.

Corollary 1: If f €] 5(p,l,a,ﬂ, 7/) then

o o (r(p-D)+1)(p—a—(p-L)ap)
" (y(n-1)+1)(n-a~-(n-1)apd]  (4,5))

Theorem 2: Let a function f €J 5(p,l,a, yop 7/). Then f is p-valently close-to-convex of

, h>2p+l pell.

order p(O <p< p) in the disk |Z| <R, where

ey [0 o 0
o (7(p—1)+1)(p—a—(p—1)aﬂ)

The result is sharp, with the extermal function f given by (38).

1
n-p
} , N> p+1 pel.
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Proof. It is sufficient to show that

f'(2)

1 P|<P-p O<p<p,
for |Z|< R,, we have that
f'( n-p
Z:® A,8)na, |z ".
n=p+1
Thus
f'(z
Zp(l)_p < p—p,
if

o m n-p
5 o7 (4,6)a, 7| 1 (39)
n=p+1 p-p

Hence, by Theorem 1, (38) will be true if
1 |Z|nfp < (;/(n—1)+1)(n—a—(n—1)aﬂ)cl>;fp(/1,5)

p-p (r(p-)+1)(p-a-(p-Dap)

and hence

1
P

|z|<{<p—p><y<n—1>+1)<n—a—(n—l)aﬂ)@::pws)}n
) (r(p=1)+1)(p—a=(p-1)ap)

The result is sharp for the function f given by (38).

, N>2p+l pell.

Theorem 3: Let f €J ( p, A, a, f, 7/). Then f is p -valently starlike of order p(OS p< p)
in the disk |Z| <R, where
1

n-p
} , N2p+L pell.

" :inf{(p—p)(7(n—1)+1)(n—a—(n—l)aﬂ)cbﬂ’,p(M)
Co (n=p)(r(p-1)+1)(p-a-(p-1)ap)

The result is sharp for the function f given by (38).

Proof. It is sufficient to show that

zf'(z)

—pl<p-p, 0< ,
f(2) PiI=p-p P<P
for |Z| <R,, we have

> " (4,5)(n- alz|""

|Zfr(z) <n§1 n,p( )( p) |Z|
@ " Sl

1- > alf”
n=p+1
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Thus

if

S 1P or (n8)alzl <1 ()
n=p+1 p_p ’

Hence, by Theorem 1, (40) will be true if

(n_p)|z|n-PS (7(n-1)+1)(n-a-(n-1)ap)
(P=P)"" (y(p-1)+1)(p-a—(p-D)ap)

and hence

|Z|S{(p—p)(}/(n—l)+l)(n—a—(n—1)0(ﬁ)

1
n-p
, N>2p+1 pell.
(n- p)(7(p—1)+1)(p—a—(p—l)aﬂ)}
Setting |Z|=R2, we get the desired result.

Theorem 4: Let f €] ; ( p, A, B, 7). Then f is p-valently convex of order (p(O) <p< p)
in the disk |Z| <R;, where

i (p_p)(y(n—1)+1)(n—a—(n—1)06,3) P n>p+l pe
R= nf{m-p)(y<p—1>+1><p—a—(p—1>aﬂ)} e

The result is sharp with the extermal function f given by (38).

Proof. It is sufficient to show that

f'(z)

—p‘ﬁ p-p, 0<p<p,
for |Z| <R;, we have

2, ny(Ld)n(n=p)a,|"*

1+f, —pl
@) p- Y @, (2.5)a,[2]""
n=p+1
Thus
zf"(2)
1 -pl<p-p,
+f'(z) pj=p-p
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if

2 SEZ_—Z))CD (ho)a,lZ " <1 (D)

Hence, by Theorem 1, (41) will be true if
USLIINEY (7(n-1)+1)(n-a—(p-1)ap)
P(P-p) (7(p-2)+1)(p-a—(p-1)aB)

’

and hence
1

|| { (p—p)(;/(n—1)+1)(n—a—(n—l)a,8)}"l’
n(n-p)(7(p-1)+1)(p-a—-(p-1)ap)

, N> p+1 pell.

Setting |Z| =R,, we get the desired result.

Theorem 5: Let the functions f, defined by
- > a,z" a,20n=p+l pell, r=1234.., 42
n=p+1

be in the class J 5(p,ﬂ,,a,ﬂ, 7) forevery I=1,2,...,1.

Then the function h, defined by
- > ez e =0n>p+l pell,
n=p+1
also belongs to the class J ( p, A, a, B, ]/) where
=—Zanr, n>p+1, pel.
r=1

Proof. Since f, €J ( p, A, f, 7/), it follows from Theorem 1, that
5% ((n-1)+1)(n-a~(1-1)aB)0f, (1,63, = (+(p-1)+1)(p-a—(p-1)ap),

n=p+1

for every I'=12,...,l. Hence

0

> (y(n-1)+1)(n-a—(n-1)aB) Dy, (4.5)e,

n=p+1

ip( (n-1)+1)(n- —(n—l)aﬂ)@Qp(ﬁ,&)(%ianyr)

:_21: Zl( n 1+1)( _(n_l)aﬂ)(pnm,p(ﬁ"é‘)an,r]
<(r(p-1)+1)(p-a—(p-1)ap).
By Theorem 1, it follows that h €J ( p, A, p, 7/).
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Theorem 6: Let the functions f, defined by (42) be in the class J ( p, 4, a, B, 7) for every
r=12,..,1. Then the function h, defined by

is also in the class J ( p, A, B, 7), where

Proof. By Theorem 1, for every I'=12,...,,], we have

nil(y(n—l)u)(n—a—(n—1)a/3)q>;jp (4.6)a,, <(y(p-1)+1)(p-a—(p-1)ap).
But
- rzl_llcr f(2) =rZ|_llcr [Zp —nilan,rz"] =z" —nil(gcran'rjz".

Therefore

3 (/- +3)n-a-(r-ap)ol, (20) Tea, |

r=1

Z (nZ( n— 1)+1)(n—a—(n—1)aﬂ)q3nm,p(/1,5)anvrj

<326, (p-2)+1)(p-a~(p-D)ap)
-( (p—1)+1)(p—a—(p—1)aﬂ)
and the proof is complete.

Theorem 7:Let >0. If f €J ; ( p, 4, &, p, 7/) and suppose that f, is defined by

f (Z):Zp— (7(p_1)+1)(,0—05—(p—1)aﬂ)
s (r(s-1)+1)(s-a—(s-L)ap)®l, (4.5)

z°, s2p+l pell.

If there exists an analytic function w defined by

(W(Z))Sfp _ (7/(5_1)"'1)( (S l)aﬂ) Z a, 7P

- (y(p—1)+1)(p—a (p- 1aﬂ) 5

Then for Z=re"’ and (O< r <1),

2z 2z

[1f(2) do< []f,(z

0 0

)| do, z>0. (43)
Proof. We show that
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. <7r | p 1)+1)(p—a—(p—l)aﬂ) Zs_pr
I ol e T e e e

By applying Lemma 1, it suffices to show that
(r(p-Y+1)(p-a-(p-Dap) .,

Zaz”ID

n=p+1

1- i a,z""<1-

arel) (7/(5—1)+1)(S—a—(s—1)aﬂ)CD?p(2,5)
Set
S g oq (e Dl(p-a—(p-Dap) e
. n=zp+1 2=l (y(s—1)+1)(s—a—(s—l)aﬂ)cDZD(/1,5)( ()
We find that
(w(2))"* :(y(s—1)+1)( ~(s-1)ap)®! Z -

(r(p-1)+1)(p-a—(p-1)a ) ity
which readily yield W(O) =0.

Furthermore using (37), we obtain

i | (=D)+D)(s—a—(s-L)ap)o] 2z
R P o 6 o ( T
o (r(n- 1+n( —a- wﬂmm(zﬁ) §
<l nzzpﬂ 0 )( (p-Dap) a,|<|z]<1.

Next, the proof for the first derivative.

Theorem 8: Let 7>0. If f €l 5(p,ﬂ,,a,ﬂ,7) and

o)z (2041 (p-a—(p-Dep)
s (y(s-1)+1)(s—a-(s-1)aB)®@!,(4.5)

Then for Z=re"and (0<r <1),

2z
[1f'(2)
0

Proof. It is sufficient to show that

13 Moz s(y(p-1)+1)(p-a-(p-1)ap)

Zp p(r () + )5 (D)L, (49)

This follows because

S

z’, s2p+l pell.

2r
desj

0

T

ﬁXsza 7>0.(44)
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3. Conclusion

In the current study, a new subclass of multivalent analytic functions associated with the
Borel distribution series and the differential operator has been introduced and investigated.
By employing a linear operator defined via the Hadamard product, necessary and sufficient
coefficient conditions for functions belonging to the proposed class have been established.
Several significant geometric properties of this class have been derived, including sharp

coefficient estimates, radii of close-to-convexity, starlikeness, and convexity of a given order.

Furthermore, results concerning extreme points, neighborhood properties, and closure under

convex linear combinations and integral transforms have been obtained. The sharpness of
the main results has been demonstrated by means of appropriate extremal functions.
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