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BOZi HIPERSINQULYAR INTEQRALLAR HAQQINDA
XULASO

Isde parcada ve vahid cevrades miixtelif név Kosi niiveli hipersinqulyar integrallar yrenilir ve onlar xiisusi iisulla
toyin edilir, belo ki, bu birdlciilii Kosi niiveli hipersinqulyar inteqrallara J.Adamar menada inteqral anlayismdan
istifade edarok uygun olaraq miixtalif sokilds teriflor verilir.lsde hamginin verilmis hipersinqulyar inteqrallarin varhg:
haqqinda teoremlor isbat olunur ve bu inteqrallar tigiin miihendislik masalslarinds ve miixtelif sahalorde genis totbiq
edils bilen diisturlar verilir.

Acar sozlar: hipersinqulyar inteqral, approksimasiya operatorlari, yigilma stirati, Kosi niivesi.
O HEKOTOPBIX TMITEPCUHIY ASIPHBIX MHTETPAZAX
ABCTPAKT
B pabore n3y4aroTcs pasHble BUABI TMIIEPCHUHTYASPHBIX MHTErpalos ¢ siApoM Ko Ha oTpeske 11 Ha e AMHITIHO
OKPY>KHOCTH M OIIPeAeAsIOTCs OHU CITeIIaAbHBIM 00pa3oM. JAs OAHOMEPHBIX TMITePCHHIYASPHLIX MHTErpalos C
sapom Komn garorcs Goaee obre, yeM TpaAUIMOHHEIE, OIIpeJeAeHNs], MCIIOAB3YIONVe A0 AjaMapa O ITOHATUI
MHTeTpala B CMBICAe KOHEYHOM dacTi. B paborTe Taxke JOKa3hIBAIOTCSA TeOpeMBI O CYIIIeCTBOBAHMM BHTUX

TUIIePCUHTYASPHBIX VIHTETPAaAOB U TIOKa3hIBaeTCs CIIpaBesAnBOCTh OPMYyA A4Sl MHTErPaAoB, AAIOMUX Goaee TOYHbIe
pe3yAbTaThl B TPUAOXKEHVISIX B Pa3HBIX 004aCTsIX M P pellleHN! pa3ANJHBIX MHXKeHePHBIX 3a4ad.

Karouesble caoBa: [nepcHIyAspHBI MHTeTpad, allllpOKCUMUPYIOIINe OIlepaToOpbl, CKOPOCTM CXOAMMOCTH,
sapo Komm.
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1.Introduction

An active development of numerical methods for solving hypersingular integral equations
is of considerable interest in modern numerical analysis. This is due to the fact that
hypersingular integral equations have numerous applications in acoustics, aerodynamics, fluid
mechanics, electrodynamics, elasticity, fracture mechanics, geophysics and etc. [8-12,13-21,27,29-
30] Therefore the construction and justification of numerical schemes for approximate solutions
of hypersingular integral equations is a topical issue and numerous works are devoted to their
development.The development of constructive methods for solving hypersingular integral
equations is impossible without studying the properties of hypersingular integral operators
contained in these equations, and is associated with the approximation of such operators, which
indicates the actuality of the subject of our mauscript. Hypersingular integrals were introduced
by J. Hadamard for the solution of the Cauchy problem for a linear partial differential equations
of a hyperbolic type. They also arise in solving Neumann problem for the Laplace equation, in
solving integral equations of the linear theory of a bearing surface, in inverting generalized Riesz
potentials, when presenting some classes of pseudo-differential operators and in other areas of
mathematics and mechanics.

Present paper consist of introduction, two chapters and references list.

In the first chapter is investigated hypersingular integrals of the following forms

tj)%dx, xg €(a,b)
a\X—=Xxp
b

Iﬂdx, m>3, meN, xge(ab),
a(x-xp)

where the function g(x) is Lebesgue integrable on the interval [a, b].

In the second chapter are considered hypersingular integrals of the following forms

olz)

) —Zdr, teyo

dz , m>23 meN,teyq,

where the function ¢(t) is Lebesgue integrable on the unit circle yq = {t eClt|= 1}.

In both chapters hypersingular integral is defined by the special way, using using the
idea of Hadamard [28] finite part integral and are proved theorems about existence of given
hypersingular integrals.

Note that, for the singular integral operators with Cauchy kernel and Hilbert kernel
similar approximations and their applications to the singular integral equations are given in
[1-5,22-26].
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2. Cauchy hypersingular integrals on interval.

Consider the integral

? 9() —_dx, X €(a,b), 1)

a(x— Xo)

where the function g(x) is Lebesgue integrable on the interval [a, b].

If we define this integral in a similar manner to the Cauchy integral, even g =1 we get the

divergent integral:
XQ0—¢& b
m | [ — dx+ | —T dx|= lim (3- t 1 j:w
=0+ a (x—xp) X+ (Xx—x0)? e—>0+ & Xp-a Xxp-b

Therefore, using the idea of Hadamard finite part integral [28], we will define the integral
(1) as follows.

Definition 1. If a finite limit

- [;&d Poo) g g(xo)]/

o Joo e (%) £

exists, then the value of this limit is referred to as the hypersingular integral of the function

9 () on [a,b] and is denoted by I 9(x) ————daX.
(x—%,)° (x—=%,

The hypersingular integral (1) was studied in [7]. In [7] it is proved that, if g(X) € Hl(a) ,Le.
g(x) is differentiable on the interval [a, b]and g '(X) includes to the class of the Holder
continuous functions with exponent ¢, (i.e. the class of the functions that satisfy the following
condition IM, >0 Vi, t,eR: |g'(x)- g'(x2)| <My -[% —X,|") then (1) exists and the
following equality holds:

(9 o gb) o@ ok,
j( d dx,

X=%) = X-b Xy—a X -X

2)

where the integral standing on the right-hand side is understood in the sense of the Cauchy
principal value.

Now consider the integral [6]

b g(x)
jg—dx, m>3, meN, xge(ab), 3)
a(x—xo)™

where the function g(x) is Lebesgue integrable on [a,b].
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As in the case of the hypersingular integral (1) if we define the integral (3) in a similar
manner to the Cauchy integral, even g =1 we get the divergent integral. Therefore, using the

idea of Hadamard finite part integral [28], we will define the integral (3) as follows.
Definition 2. Let m>3, meN, the function g(x) is Lebesgue integrable on the interval
[a, b] and is differentiable (m—2) times at the point xg < (a,b).

If a finite limit

X0~ b p-1 (2)
lim ) ﬂdx—i— [ g(x) dx—2'S g (xg)
e>0+| 2 (X—xo)m X +& (X—xO)m k=0 (zk)!(zp_zk_l)gzp—ZK—l
when m=2p,peN,
X0~¢ b p-1 (2k+1)
lim [ (G i 909 4 5 3 g (x0)
e>0+| a (x—xg)M XQ+e (x—xg)™M k=0 (2k+1)!(2p—2k—1)52p_2k_1

when m=2p+1, peN,

exists, then the value of this limit is referred to as the hypersingular integral of the function

b
_ 9 (X) on [a,b] and is denoted b J&dx.
m y m
(X_XO) a(X—Xo)

From definitions 1 and 2 it follows that, if the function g(x) is differentiable on [a,b] and the

b ’
X
integral I&dx exists, then (3) exists also, and the following formula by parts holds:

a(x_xo)mfl
G N 1[ o) o) Y o) dx} .
"{‘(X_XO)m M-1a-xg)™ 1 (b-xg)™ 1 a(x-xg)™1 !

From (4) follows that, if the functiong(x) is differentiable (m-2) times on [a,b] and

(m - 2)th derivative of the function g (m—2)(x) absolutely continuous on|[a,b], then the integral
(3) exists almost everywhere for all xg € (a,b) and the following equality is true:

> q(x) dx:mi%m—z—k)[( 1M@) o®)p) ] 1 bV

a(X—Xo)m k=0 (m—l)! )m—l—k_( )m—l—k (m—]_)!a X - XQ

a-—xp b-xp

b
If we apply formula (4) to the integral j%(x)ldx, we derive that, if the functions u(x)
a(x—xp)™*

and v(x) have absolutely continuous (m - 2)th derivatives on [a,b], then the following relation
holds almost everywhere for all xq < (a,b)

ulxv(x) dx_gl uah(a) __ulbMb) +?u'<xw<x>+u<xw'<x>dxl.

al=x0)™L T M @a-xo)™ (b-x)™ a (x-x)"

— O

24



On Some Hypersingular Integrals

As result we get the following integration by parts formula:

" b 0
vl YW
oo g, i()(u—xo)m}

__ulobb) _ ulaha) Bulx-xo)-muls) o

(b-x) (a-x0)™ a (x—xo)™L

? u(x) dv(x) = u(xv(x

m

®)

3. Cauchy hypersingular integrals on unit circle.

Let’s consider the integral [3]

| go(z') dz, teyq, (6)

where the function (o(t) is Lebesgue integrable on y, = {t eC Z|t| = 1}.

Using definition1 for the hypersingular integral on interval, define the integral (6) in the
following form

Definition 3. If a finite limit

i [ 220

Ve

exists, then the value of this limit is called the hypersingular integral of the function

olc)

is denoted by I—dr , Where y, = {z‘ €% :|z'—t| > g}.

s [Tty

From Definitions 1 and 3 we can deduce that, if t = e Xy € (— T, 72'), then

D gy [ o g )] |0 A el
0 (T_t)z £>0+ Ve (T—t)2 &t >0+ XQ +5(8) (eix _eiXO jz 2.eX0

e

s=04 [z, \o-5(e)xg+0(z)) (=30 (el ™0

:}, ¢(eixj.ieiX2dX+2i(p(leiXO)' im (l_ij’ @)
—n(eix_eixo) eX0  so04ls e

where &(¢)= 2arcsin% . Since
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. 1 1 . 1 1
im | ———|= Im |=———— =0,
>0+ € 5(6) e—>0+H € Zarcsinf

then from (7) it follows that,

) 47 A"
7/]0 (:’_t)z dr__jﬂ (eix _eixo )2 dx. (8)

The formula (8) shows that, by means of the substitution { = e” hypersingular integral (6)
is reduced to the hypersingular integral on an interval.

Let's calculate the following integral

/t€70'

97 gm | +9:|im[ t 1 +AJ:
(r—t)2 e—0+ 7/8(2'—1:)2 a 8—>O+t_t.e_'5(5) t—t-e'a(g) e-t

where &(s) = 2arcsin§~g npu ¢ — 0+. Since

i D | . £—2 +2—ij—2i- im (1——1 J—o
s—04+ e0€) _1 & ] so04is(e) € g0 e o))
then from (9) it follows that,

]
}/0 (T —t)z

=0. (10)

)

From (10) it follows that, existence of hypersingular integral | A

7/0 (T — t)
to existence of hypersingular integral | Md 7 in the sense of the Cauchy principal value,

70 (T—t

dr is equavivalent

then the following relation holds:

ole) g, ol)-ele)y
}/IO (T—t)zd }/fo (1'—t)2 ‘
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where the integral standing on the right-hand side is understood in the sense of the Cauchy
principal value.

According to (2) and (8), we get that, if ¢ € Cl’a(yo) , i.e. ¢(t) is differentiable on the unit
circle ygand ¢'(t)includes to the class of the Holder continuous functions with exponent &,
then (6) exists and the following equality holds:

| ﬂ)sz: | Mdr, (11)
o=t 77"

where the integral standing on the right-hand side is understood in the sense of the Cauchy
principal value.

State the next useful property of the hypersingular integral in the form (6).
Theorem 1. If the function ¢ absolutely continuous on y ( ,then the hypersingular integral
(6) exists for almost allt € y  ,and (11) holds.

Proof: The existence of the derivative ¢'(r) of the function ¢ for almost allte yy and
Lebesgue integrablity of the function ¢'(z) on yq follows from absolute continuity of the function
@ on 70 -

For all points t € yg , which the function ¢(t) is differentiable, the following equality is true:

) o) )

lim - - -
e—0+ t_t.e_'5(5) t—t-e'é(g) et

m)w'm-(t.e—w(s)-t)w(e)_<o<t)+«p'(t>-(t~ei5<8>—tj+o<s>+ 2iplt) |

= lim - -
>0+ t—t.e_'g(‘g) t—t-e'g(‘g) gt

_olt) Iim( 1 1 +5i]=o,

U >0+ 1—e_'5(‘9) 1+ei5(5) &

where 5(g)= 2arcsin % If t=eX0 , then from the following relation

(0) T_xo+27r—5(g) w(eix)-ieix X__x0+27z—5(5) it [ 1 ]_
v (f_t)Zd ) xo+j§(3) (eix_eixojzd ) xofa(g) o) eiX _ei¥0 )

¢(ei(XO+2”_5(5))) ¢(ei(xo+5(5)) xo+27—5(2)

1 ix o iX
== - - _ - - - + J‘ — Ie ¢ (e )dx =
X0 _ai(xo+27-8(¢))  ixg _,i(xp+()) xo+o(z) X —eX0

@(t.e_m(‘f‘)j ¢(t.ei5(‘9)) IQD'(T)d

t-t.ei0(e) ¢_g.gldle) ot
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it follows that, hypersingular integral (6) exists for almost allt € ¥y ,and (11) holds and this
completes the proof of the theorem1.

As a result we can we can conclude that, even under weak restrictions on the function go(z'),
(11) holds.

Now consider the integrals of the following form:

jLT)mdr ,m>3,meN,teyg , (12)
7/0 (T —t)
where the function go(t) is Lebesgue integrable on y, = {t eC :|t| = 1}.

Using definition 2 for hypersingular integral on interval, define the integral (12) as follows.

Definition 4. Let m>3, me N, the function ¢(t) is Lebesgue integrable on the unit circle 7,
and is differentiable (m—2) times at the point t € (.

If a finite limit

e
- qD[eiX )eix [ei:((:;(&o J (xo)

o 2ikéo (2k)¥(2p — 2k —1)5(e)]2 P2k -1

lim | |
&—0+

when m=2p,peN,

lim
e—0+

when m=2p+1, peN,

where 7. = {r €70 |r—t| > g}, t=¢'X0 , 5(5)= 2arcsin % , then the value of this limit is referred

to as the hypersingular integral of the function

J olz)

70 (T — t)m

dr.

Y
[ Mdr— 2y
k=0

Ve (T_t)m

) w(eixjeix(ei

X — X0

X

_ eiX0

m

(2k+1)

(x0)

o(7)

(r-t)

From definitions 2 and 4, and the following relation

lim

g—>0+[% _ﬁj
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it follows,

iX ) iX
.[ (P(T) dT:XOF”&dx, (13)

where t =",

The formula (13) shows that, by means of the substitution t = e” hypersingular integrals
on the unit circle are reduced to the hypersingular integrals on an interval.

Theorem 2. If the function ¢ has absolutely continuous (m - 2)th derivative on ¥, , then
the hypersingular integral (12) exists for almost allt € y ( , and the following relation holds:

ole) 4, _ 1 00 4, 14
o (e=t)" m—lyjo(f_t)m—l ' o

Proof: The existence of the hypersingular integral (12) follows from (13). Let's prove
equality (14). From (4), (5) and (13) it follows that,

T CIP I
70 (T—t) m-— 70 (T—t)
Xg+7 ¢(eix)ieix L X047 go’(eixjieix
= dx— | 1 dx=
Xo—;z'(eix_eiXojm m_lxo—ﬂ(eix_eiXOJm_

XQ+7 go(eix)ieix L Xo+m d(go(e'x)j
] dx— ] - =
XQ—7 (eix _eixojm m_lxo—z (eix _eixo)m 1

o _ XQ+7
XQ+7 w(elxjielx 1 (p(elxj XQ+7 , . 1
= | dx— I - (p(e'x)d—l =
Xo—ﬂ(eix_eixo)m m-1 (eix_eixo )m— XQ—7 (eix_eixo )m_
XQ—7
XQ+7 qo(elx)ielx 1 XQ+7 . ieix
- dx-——|0+(m-1) | (p(e'x)-—dx ~0.
ix _ixg)" M1 ix _ixg )"
XO_”(e —e 0) XQ-7 (e —e Oj

Theorem has been proved.

Corollary 1. If the function ¢ has absolutely continuous (m - 2)ﬂf1 derivative on ¥, , then
the the following relation holds:
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o) g 1 "N a
yjo(f_t)m (m—l)!yfO 7- K

where the integral standing on the right-hand side is understood in the sense of the Cauchy
principal value.

Corollary 2. If we take into consideration ¢(r)= oK , k=0,m—-2 in (15), then we get
k

T

dr=0, k=0m-

N

f

70 (r —t)m

Corollary 3. If the function ¢ is differentiable (m—1) times at the point t, then the following

equality is true:
-2 (k
olr)- m22§0( )(t) (r —t)k
J‘ (D(T) dr= J‘ k=0 k! dr,
7/0 (T—t)m 7/0 (‘L’—t)m

where the integral standing on the right-hand side is understood in the sense of the Cauchy

principal value.

4. Conclusion

In this paper, we have introduced different methods in order to define for hypersingular

integrals of types with optimal accuracy. The proposed formulas can be applied to solve real-
world engineering problems and have various successful applications in numerical
implementations.
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