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1. Introduction

Quantum calculus known as g-calculus is sometimes described as limitless calculus. It substitutes
a difference operator for the classical derivative, allowing for the manipulation of sets of non-
differentiable functions. Quantum difference operators play an intriguing role in a variety of
mathematical fields, including the geometric function theory, calculus of variations, and
relativity theory (see [1], [11], [19]). Gasper and Rahman’s, and Kac and Cheung’s books [9, 12]
cover a large number of fundamental aspects of g-calculus.

We use the symbol 2. to represent the set of functions f that takes the following form

f(z):1+ianz” 1)

z n=1

that are analytic in the punctured open unit disk U* = {Z :zeC:0< |Z| < 1} =U\ {O}

Tang et al. [20] introduced the g-derivative D, ( f (Z)) for meromorphic functions, defined as

follows:

D f(z):wz—q—;+g[n]‘laﬂz“, (0<qg<1).

137


https://doi.org/10.30546/09090.2025.510.1013

Erhan Deniz

We start with the definitions and various results from the ¢ — analysis, including the ¢ — factorial

[n]q I for every non-negative integer N € N, which is characterized by

[n), [0, [2],[1], 5 (neNVEY

[n]q I= 1;. (n=1)

where

If g —>1,then [n] —nand limD_ f =f".
q g1 g

More recently, Ali et.al [2] introduced and studied the g — operator
D% :2—=2% (rell,, p,x20,0<q<1) defined by

0, " _
D% f(9)=D;,f(2)=1(2)

pl,+x(In+p+1,~[p],)

|

DX f(2) = (1— ) f (2) + —Z— D, (2" (2)) = = + az"

0,7 > "2 o],
D' f(2) = (1~ 7)D52f (2) + —£— D, (2""D 21 (2)).

12y 4 12v4 [,O]q Zp q PX
Thus, we have the power series

1 =l [A] +;(([n+p+1]q—[p] )
D" f(z)==+ : Vlaz". @
Y 7 nzﬂ: [p]q

Building on the research conducted in [14,18], we introduce a subclass denoted as
MS, [I’, O, A, B], which is defined using the operator D;),’ql f (2) in the following manner:

Definition 1.1. A function f € X is said to belong to the class MSq [r, o, A, B], if

| @D, (O F@)+D @) | (zeu),
[BazD, (D}, f(2)) + ADIS f ()|~ |

where rell ;, p, ¥20,0<g<land -1<B<A<I.

Furthermore, a function

f(z):%+ianz” (a,>0,zeU"), 6)
n=1
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belongs to the class TMSq [I’, 0, 1A, B] , if it meets the requirement stated in equation (5).

It's worth noting that the previous definition is primarily inspired by the latest research by
Morga [14] and Srivastava et al. [18]

This paper’s primary aim is to give partial sums of functions that belong to the classes
MSq [I’,p, 1A, B] and TMSq[I’,p, 1A, B]. Unless specified otherwise, we'll assume that

rell ,, p,y20,0<g<1and -1< A <B <1 in this paper.

2. Coefficient Bonds

This section outlines the process of the sufficient conditions based on coefficient estimates for

functions f that are part of the subclasses |\/|Sq [I’, o A, B] and TI\/lSq [I’, o A, B].

Theorem 2.1. Let f €2 asin (1) and satisfies the inequality

i( B+1)q +A+1){[p]qw([n[;?ﬂ]q_[p]“)] la,|<A-B" (7)

then f e MSq [r,p, 7 A, B] .
Proof. To prove that f € I\/ISq [I’, 0 1A, B] , we must show that

\quq (D% f(2))+ DS f (z)\ —\quDq (D% f (2))+AD" f (z)\ <0. (8)
By using the triangle inequality to the left of side of (8), we have

\quq (D f(2))+D1e f (z)‘—‘quDq (D f(2))+AD"S | (z)‘

n

:i(q[n] +1) [o],+ (In+ p+1, ~[o],)

2L, ], "
‘ ©)
13 [p], + x([n+p+1, [ P], i

- E-i-nZ:l:(A-i-Bq n]) ( [p]q ) a,z
© +x([n+p+1], - q r
le( (B+1)a[n], +A+1] o), 2 [p/]) l21) la,|-(A-B).

Thus, from (7) and (9), we obtain that

i((B+1)q[n]q+A+l) [p]q+l([n+p+l]q_[p]q) |an|—(A—B)§O/

n=1 [p]q
which proves the theorem.
Theorem 2.2. Let f(z) :1+ianz” (a,>0) in U". Then f(z) eTMS, [r, p, z;A,B], if and only
Z W

if inequality (7) is satisfied. The result is sharp for the function f (Z) , which is defined as
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f(z)= A-B ( ) -2",
[ ]q+ [n+p+1, | ]q
((B+1)q[n]q+A+1){ P4 [p/])q P }

Proof. Considering Theorem 2.1, it's enough to prove the validity of the ”if” component.

Assume that f(z) eTMS, [r, oA, B]. Then, we have

y qzD, (D', (2))+D'% f (2) >1 (zeUr). v
BqzD, (D}% f (2))+ADLS,  (2)

Since Re f (Z)S|f (Z)| forall ze U", then

St afP e a

[~],

n=1

Re <1 (12

[p]nz([nwﬂlq[plq)}

AB+§;(A+Bq[n]q)[ (o]

for all z and the above equation is true. By letting Z —1" on the real axis, we have the follo-
wing inequality

i(q[n]q +1)

n=1

(el +;c([n+p+1]q —[p]q) r .
[~], '

o], + 2 [0+ p+1,~[ ], ra
[A], "

<AB+§(A+Bq[n]q)£

Thus, we get the required inequality

r

g(q[nlq@“ﬁ(“l)) [p]QW([n[to/]”l]q_[p]q) a, <A-B.

This concludes the demonstration of our theorem.
3. Partial Sums

Inspired by previous studies that used the conventional idea of partial sums for analytic
functions, such as Goodman [10], Silverman [16, 17], Murugusundaramoorthy and Velayudam
[13], Darus and Ibrahim [5], Altintas and Owa [3], Elhaddad et. al [8], and recently Deniz
and co-auhors [4,6,7,15]. Our results related with partial sums as follows:

Theorem 3.1. Let —-1<A<0.If f € X of the form (1) and

S, (z):%+§anz“ (k > 2). Suppose that

n=1
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icn la,|<1, (@13)
n=1

where

((1+A)+q[n]q (1+ B)){[,o]q +;(([n+,o+l]q [,o]q)}r .

C =
(A-B) [~],
Then, we have

1) f(Z)eTMSq[r,p,Z;A, B].

s 2o
(2)

Cya
3) { f (z)} 1+c,, 19)

The estimates are sharp.

1
Proof. 1): It is obvious that 2 eTMS, [I‘, o, 1A, B] . Thus from Theorem 2.1 and the condition
1
(13), wehave N, , (—j cTMS, [r, 0, 1A, B] . This gives f(z) eTMSq [r, 0, 1A, B].
"\ Z

2): It is easy to see that 1< ¢, <C,,,. Thus

Zla +6s Y [a, |<ZC la,<1. (16)

n=k-1

Let

Ck—l i anZn+l

Gt 1+> az™
n=1
It follows from (16) that
C,_ a,
h(2)-1] klnzk:1| | <1 (zev)
CR PRSI ST
n=k-1
Therefore we obtain the inequality (14).
If we take
1 71
f(z)=————, 17
(2)=7 o (17)
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then

z 1
f(2)=1-2 51—t as 251
Ck—l Ck—l

This demonstrates that the bound in (14) is best possible for any k.

3): Similarly, assuming that we take

TR

h,(z) = (1"' Ck+1)

Then, we decude that

h2 (2) _1| . (1+Ck71) Z |an|

- k-2
h,(2) +1 2-25"[a,|+(1-¢, ,)
n=1

which yields (15). The estimate (15) is sharp with the extremal function f(z) given by (17).

4. Conclusion

In the current study, a new subclass of meromophic functions associated with a ¢ — differential

operator has been introduced and investigated. Main results related with coefficient bounds and
partial sums for functions belonging to this subclass

(1

&
(10]
(11]
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